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PREFACE. 



In the following exposition of the Calculus of Finite Dif- 
ferences, particular attention has been paid to the connexion 
of its methods with those of the Differential Calculus — a 
connexion which in some instances involves far more than 
a merely formal analogy. 

Indeed the work is '.in some measure designed as a sequel 
to my Treatise on DifferenM^tiali^. And it has been 
composed on the same plan. v> \ ! 

Mr Stirling, of Trinity College, Cambridge, has rendered 
me much valuable assistance in the revision of the proof- 
sheets. In offering him my best thanks for his kind aid, I 
am led to express a hope that the work will be found to be 
free from important errors. 

GEORGE BOOLE. 

Queen's College, Cobs, 
April 1 8, i860. 
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FINITE DIFFERENCES 



CHAPTER I. 

NATURE OP THE CALCULUS OF FINITE DIFFERENCES. 

1. The Calculus of Finite Differences may be strictly 
defined as the science which is occupied about the ratios of 
the simultaneous increments of quantities mutually dependent. 
The Differential Calculus is occupied about the limits to which 
such ratios approach as the increments are indefinitely dimi- 
nished. 

In the latter branch of analysis if we represent the inde- 
pendent variable by x, any dependent variable considered as 
a function of x is represented primarily indeed by 0 (x)> but, 
when the rules of differentiation founded on its functional 
character are established, by a single letter, as u. In the 
notation of the Calculus of Finite Differences these modes of 
expression seem to be in some measure blended. The de- 
pendent function of a: is represented by w„ the suffix taking 
the place of the symbol which in the former mode of notation 
is enclosed in brackets. Thus, if u a = £ {x) then 

= + 

*«in. = <A( 8ma; )> 

and so on. But this mode of expression rests only on a con- 
vention, and as it was adopted for convenience, so when con- 
venience demands it is laia aside. 

The step of transition from a function of x to its increment, 
and still further to the ratio which that increment bears to 
the increment of x, may be contemplated apart from its sub- 
ject, and it is often important that it should be so contem- 
plated, as an operation governed by laws. Let then A pre- 
fixed to the expression of any function of x t denote the 
operation of taking the increment of that function correspond- 

B. F.D. r? 1 



Digitized by Google 



2 NATURE OF THE CALCULUS [CH. I. 

ing to a given constant increment Ax of the variable cr. 
Then, representing as above the proposed function of x by u xy 
we have 



and 



Au x = u^-u xi 
Ax' Ax 



Here then we might say that as ^ is the fundamental ope- 
ration of the Differential Calculus, so — is the fundamental 

operation of the Calculus of Finite Differences. 

But there is a difference between the two cases which 

ought to be noted. In the Differential Calculus ^ is not a 

true fraction, nor have du and dx any distinct meaning as 
symbols of quantity. The fractional form is adopted to 
express the limit to which a true fraction approaches. Hence 
d 

^ , and not d, there represents a real operation. But in the 

Au 

Calculus of Finite Differences -r— * is a true fraction. Its nu- 

Ax 

merator Au t stands for an actual magnitude. Hence A might 
itself be taken as the fundamental operation of this Calculus, 
always supposing the actual value of Ax to be given ; and the 
Calculus of Finite Differences might, in its symbolical charac- 
ter, be defined either as the science of the laws of the operation 
A, the value of Aa; being supposed given, or as the science of 

the laws of the operation ~- . In consequence of the funda- 

mental difference above noted between the Differential Calcu- 
lus and the Calculus of Finite Differences, the term Finite 
ceases to be necessary as a mark of distinction. The former 
is a calculus of limits, not of differences, 

2. Though Ax admits of any constant value, the value 
usually given to it is unity. There are two reasons for this. 

First, the Calculus of Finite Differences has for its chief 
subject of application the terms of series. Now the law of a 
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ART. 2.] OF FINITE DIFFERENCES. 3 

series, however expressed, has for its ultimate object the deter- 
mination of the values of the successive terms as dependent 
upon their numerical order and position. Explicitly or im- 
plicitly, each term is a function of the integer which ex- 
presses its position in the series. And thus, to revert to 
language familiar in the Differential Calculus, the inde- 
pendent variable admits only of integral values whose com- 
mon difference is unity. In the series of terms 

1, 2 , 3, 4,... 

the general or X th term is x*. It is an explicit function of x, 
but the values of x are the series of natural numbers, and 
Ax = 1. 

Secondly. When the general term of a series is a function 
of an independent variable t whose successive differences are 
constant but not equal to unity, it is always possible to 
replace that independent variable by another, x, whose com- 
mon difference shall be unity. Let <f> (t) be the general term 
of the series, and let At = h ; then assuming t = kx we have 
At = hAx, whence Ax — 1. 

Thus it suffices to establish the rules of the calculus on the 
assumption that the finite difference of the independent 
variable is unity. At the same time it will be noted that this 

assumption reduces to equivalence the symbols and A. 

We shall therefore in the following chapters develope the 
theory of the operation denoted by A and defined by the 
equation 

But we shall where convenience suggests consider the more 
general operation 



Au x _ u x+k - u x 
Ax h ' 



where Ax = h. 



1-2 
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CHAPTER II. 

DIRECT THEOREMS OF FINITE DIFFERENCES. 

1. The operation denoted by A is capable of repetition. 
For the difference of a function of x, being itself a function of 
x, is subject to operations of the same kind. 

In accordance with the algebraic notation of indices, the 
difference of the difference of a function of x, usually called 
the second difference, is expressed by attaching the index 2 to 
the symbol A. Thus 

AAw le = A f w,. 

In like manner 

AA*m c = AX> 

and generally 

AA"X=AX (*)> 

the last member being termed the 71 th difference of the function 
u x . If we suppose u x = cc 3 , the successive values of u a with 
their successive differences of the first, second, and third orders 
will be represented in the following scheme : 



Values of x 


1 


2 


3 


4 


5 6 ... 




1 


8 


27 


64 


125 216... 


Aw x 


7 


19 


37 


61 


91 ... 


AV, 


12 


18 


24 


30... 




A 9 u x 


6 


6 


6 • • • 







It may be observed that each sum of differences may either 
be formed from the preceding sum by successive subtractions 
in accordance with the definition of the symbol A, or calcu- 
lated from the general expressions for Au, A\ &c. by assign- 
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ART. 2.] DIRECT THEOREMS OF FINITE DIFFERENCES. 5 

ing to x the successive values 1, 2, 3, &c. Since u M = x' t we 
shall have 

Aw. «(8 + l)*-a?«3^ + 3x + l, 
A t w < = A(3a 1 + 3a; + l)=6a? + 6, 
A 8 w. = 6. 

It may also he noted that the third differences are here con- 
stant. And generally ifu t be a rational and integral function 
of x of the n* degree, its n th differences will be constant. 
For let 

u x = ax* + bx*' 1 + &c, 

then 

A Wj , = a(a;+l)* + &(a; + l)~* 

-ax'-boT 1 

= anx*' 1 + b x aT* + hfT+ + &c, 

b l9 b t , &c, being constant coefficients. Hence Am, is a 
rational and integral function of x of the degree n — 1. Re- 
peating the process, we have 

AV, = an (n - 1) x*~* + C x x*~* + C % zT* + &c, 
a rational and integral function of the degree n— 2 ; and so on. 
Finally we shall have 

AX = an (n - 1) (n - 2) . . . 1 , & 
a constant quantity. 

Hence also we have 

AV=1.2...n (2). 

2. While the operation or series of operations denoted 
by A, A*, ... A" are always possible when the subject function 
u x is given, there are certain elementary cases in which the 
forms of the results are deserving of particular attention, and 
these we shall next consider. 
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6 DIRECT THEOREMS OF FINITE DIFFERENCES. [CH. II. 

Differences of Elementary Functions. 

1st. Let u % — x (x — 1) (a; — 2) ... (x — m+ 1). 

Then by definition, 

Au s =(x+l)x(x-\)...(x-m+2)-x(x--l)(x-2)...(x-in+l) 

= mx(x—l) [x — 2) ... (a: — m + 2). 

When the factors of a continued product increase or de- 
crease by a constant difference, or when they are similar 
functions of a variable which, in passing from one to the 
other, increases or decreases by a constant difference, as in 
the expression 

sin x sin (x + h) sin (x + 2h) ... sin {x + (m — 1) h], 

the factors are usually called factorials, and the term in which 
they are involved is called a factorial term. For the particular 
kind of factorials illustrated in the above example it is com- 
mon to employ the notation 

x(x-l) ... (aj-w + 1) = X™ (1), 

doing which, we have 

A*™ = mxP- 1 ) (2). 

Hence, ^e (w ~ 1, being also a factorial term, 

AV m ) = m(w-l)^- s > 

and generally 

A*a*"> = m (m - 1) ... (m - n + 1) (3). 

2ndly. Let u x = — — — - . 

rf x (x + 1) ... (x-\- m — I) 

Then by definition, 

Aw 1 1 

* + (# + 2) ... (a? + m) a?(a?+l) ... (x + m-l) 

= (_i n 1 

\a;+w» a?/ (a; + l) (a; + 2)... (x+m-l) 
m ~ m (4). 
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ART. 2.] DIRECT THEOREMS OP FINITE DIFFERENCES. 7 

Hence adopting the notation 

1 _ ^-m) 

x(x+l) ... (x + m—l) 

we have 

Ax^^-mxl-*") (5). 

Hence by successive repetitions of the operation A, 

AV"' = -m(-m-l) ... (-m-n + l)^^ 

= (-l) n m(m + l) ... (m + n-1) x^ mru) (6), 

and this may be regarded as an extension of (3). 

3rdly. Employing the most general form of factorials, 
we find 

Aw,!^ ... = (u^ - u wl ) x ... (7), 

A - « Ux ~ U *+ m (8), 

u x u z+l • • • U x+m-i U x u x+t 



and in particular if u x = ax + b, 

Aw.W«_ t ... ^x-w^x = am U x U x-i — W x_m +a (9) I 



A i (10). 



w sr U x+i ' • • W »+m_i w * w *+i * • • W as+m 



In like manner we have 



A log u x = log - log u. = log ^ . 

To this result we may give the form 

Alog«, = log(l+^) (11). 



So also 



A log (u B u^ ... t*,.^) = log (12). 



4thly. To find the successive differences of a*. 
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8 DIRECT THEOREMS OF FINITE DIFFERENCES. [CH. II. 

We have 

Aa* = ar i -a- 

= (a - 1) a' (13). 

Hence 

AV = (a-l)V, 

and generally, 

AV=(a-l)V (14). 

Hence also, since a" 1 * = (a m )*, we have 

A*a™ = (aT - 1)* a™ (15). 

5thly. To deduce the successive differences of sin (ax + ft) 
and cos (ax + ft). 

A sin (ax + b) = sin (ax + b + a) — sin (ax + b) 
= 2 sin | cos (ax + b + ^ 

= 2 sin- sin (ar + b + J . 

By inspection of the form of this result we see that 

/ . a\* 

A 8 sin (ax + b) = 1 2 sin -J sin (ace + b + a + 7r) (16). 

And generally, 

A" sin (ax + b) = (2 sin |^ sin joa; + ft + n ( g ^" 7r ) | <t t (i 7 ) # 

In the same way it will be found that 

A" cos + = (2 sin cos jo* + ft + ?i?i^)J.. . (18). 

These results might also be deduced by substituting for the 
sines and cosines their exponential values and applying (15). 

3. The above are the most important forms. The follow- 
ing are added merely for the sake of exercise. 
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ART. 4.] DIRECT THEOREMS OF FINITE DIFFERENCES. 9 

To find the differences of tan u a and of tan" 1 u a . 
A tan u x — tan — tan u a 

sin u x+l sin u x 
~ cos cos u a 

= sin K+i ~ m*) 

" COSW^COStt, 

= B5nA «- (1). 

COS M^j COS U m V 



Next, 

A tan" 1 u x = tan -1 « m — tan" 1 u x 

= tan -1 U * +1 ~ 

1 + w^., w # 

-tan" 1 (2). 

From the above, or independently, it is easily shewn that 

A tan ax = ; r (3), 

cos ax cos a (x + 1) 

A tan" 1 ax = tan" 1 t a , , (4) . 

Additional examples will be found in the exercises at the 
end of this chapter. 

4. When the increment of a? is indeterminate, the opera- 
tion denoted by merges, on supposing Ax to become 
infinitesimal but the subject function to remain unchanged, 
into the operation denoted by ^ . The following are illus- 
trations of the mode in which some of the general theorems 
of the Calculus of Finite Differences thus merge into theorems 
of the DifFerential Calculus. 
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10 DIKECT THEOREMS OP FINITE DIFFERENCES. [CH. II. 

Ex. We have 

A sin x _ sin (x + Ax) - sin x 
Ax Ax 



2 sin $ Ax sin I x ^ J 



Ax 

And, repeating the operation n times, 

A* sin x (2sin£Asrsm(* + n*^) 



(1). 



(Ax)* ~ (Ax) f 
It is easy to see that the limiting form of this equation is 

d* sin x 



= sin (x + y) (2), 



a known theorem of the Differential Calculus. 
Again, we have 

Aa* = a*** - a* 
Ax ' Ax 

And hence, generally, 

(^"(tSt) °" (3) ' 

Supposing Ax to become infinitesimal, this gives by the 
ordinary rule for vanishing fractions 

J£ = (loga)-a- (4). 

But it is not from examples like these to be inferred that 
the Differential Calculus is merely a particular case of the 
Calculus of Finite Differences. The true nature of their con- 
nexion will be developed in a future chapter (Chap. vni.). 



Digitized by Google 



ART. 5.] DIRECT THEOREMS OP FINITE DIFFERENCES. 11 

Expansion by factorials, 

5. Attention has been directed to the formal analogy be- 
tween the differences of factorials and the differential coeffi- 
cients of powers. This analogy is further developed in the 
following proposition. 

To develope <j>(x) 7 a supposed rational and integral function 
of x of the rn^ degree, in a series of factorials. 

1st. Assume 

<f> (x) = a + bx + cx® + dx w ... + hx lm) (1). 

The legitimacy of this form is evident, for it represents a 
rational and integral function of x of the nP degree, contain- 
ing a number of arbitrary coefficients equal to the number of 
coefficients supposed given in <f>(x). And the actual values 
of the former might be determined by expressing both mem- 
bers of the equation in ascending powers of x, equating coeffi- 
cients and solving the linear equations which result. Instead 
of doing this, let us take the successive differences of (1). 
We find by (2), Art. 2, 

A£ (x) = b + 2cx + Zdx w . . . + mho**-" (2), 

A*<f> (x) = 2c + 3 . 2dx ... +m(m - 1) hx^ ...(3), 



A"\f>(*) = ro(m-l)...l& (4). 

And now making x = 0 in the series of equations (1) ... (4), 
and representing by A^(0), A'^(O), &c. what A<f>(x), A*<f>(x) 9 
&c. become when x = 0, we have 

</> (0) = a, A<f> (0) = by A'<£ (0) = 2c, 



A m (£(0) = 1.2...mA. 
Whence determining a, b, c, ... A, we have 

^(x)^(0)+A^(0), + ^^ + ^^ + &c. (5). 

If with greater generality we assume 

<f) (x) =5 a + bx 4- cx (x — h) + dx (x — h) (x — 2h) + &c., 
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12 DIKECT THEOREMS OP FINITE DIFFERENCES. [CH. II. 

we shall find by proceeding as before, except in the employ- 
ing of ^ for A, where Ax = h f 

( A*<t>(x) \ x(x-h)(x-2h) . , . 

+ UAxT) T273 + W * 

where the brackets { } denote that in the enclosed function, 
after reduction, a; is to be made equal to 0. 

Taylor's theorem is the limiting form to which the above 
theorem approaches when the increment Ax is indefinitely 
diminished. 

General theorems expressing relations between the successive 
values, successive differences, and successive differential coef" 
ficients of functions. 

6. In the equation of definition 

Au x =u K¥l -u x 

we have the fundamental relation connecting the first differ- 
ence of a function with two successive values of that function. 
In Taylor's Theorem, expressed in the form 

du x 1 d*u x , 1 d*u x , - 

we see the fundamental relation connecting the first difference 
of a function with its successive differential coefficients. 
From these fundamental relations spring many general theo- 
rems expressing derived relations between the differences of 
the higher orders, the successive values, and the differential 
coefficients of functions. 

As concerns the history of such theorems it may be ob- 
served that they appear to have been first suggested by par- 
ticular instances, and then established, either by that kind of 
proof which consists in shewing that if a theorem is true for 
any particular integer value of an index n, it is true for the 
next greater value, and therefore for all succeeding values; 
or else by a peculiar method, hereafter to be explained, 
called the method of Generating Functions. But having 



Digitized by Googl 



AET. 7.] DIRECT THEOREMS OF FINITE DIFFERENCES. 13 

been once established, the very forms of the theorems led to 
a deeper conception of their real nature, and it came to be 
understood that they were consequences of the formal laws 
of combination of those operations by which from a given 
function its succeeding values, its differences, and its differ- 
ential coefficients are derived. 

7. These progressive methods will be illustrated in the 
following example. 

Ex. Required to express u^ n in terms of u x and its suc- 
cessive differences. 

We have 

u^ x =u x + Au x ; 

•'• w x+ 9 = w »+ A (u x + Au x ) 
= w x +2Aw JC +A 8 w z . 
Hence proceeding as before we find 

ttx+ 8 = w *+ 3Am x + 3AX+ A V 

These special results suggest, by the agreement of their 
coefficients with those of the successive powers of a binomial, 
the general theorem 

n(n-l) At- 
1.2 



Wx+» + nAu s + \ n A*u x 



+ „(^-l)>-2) AV+&c (1) 

Suppose then this theorem true for a particular value of n, 
then for the next greater value we have . 

A n (n — 1) A1 
u x+n+1 ^u x +nAu x + 1 2 Au x 

n(n-l) (»-2) 8 fe 
T 1.2.3 * 

+ Aw,+ nA'w t + * ( " ~ 1} &c. 

1 . * 
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14 DIRECT THEOREMS OP FINITE DIFFERENCES. [CH. II. 

/ *\ a ( w +1) w a* (n + l) n (n — 1) A8 p 
= u x +(n+l) Aw * + - L Y _ 2 Au * + 123 ~ Au *+ &c - 

the form of which shews that the theorem remains true for 
the next greater value of w, therefore for the value of n still 
succeeding, and so on ad infinitum. But it is true for n = 1, 
and therefore for all positive integer values of n whatever. 

8. We proceed to demonstrate the same theorem by the 
method of generating functions. 

Definition. If <f> (t) is capable of being developed in a 
series of powers of t> the general term of the expansion being 
represented by u x f , then </> (t) is said to be the generating 
function of u x . And this relation is expressed in the form 

4> (t) = Gu*. 

Thus we have 

1 



e'=G 



1.2. ..x' 



since -r-^- — is the coefficient of f in the development of e*. 



1.2. ..x 
In like manner 



-=G 



t ' ' 1.2...(o:+l)' 
— — — ~. -. is the coefficient of f in the development 

1.2...(£C + 1) r 

of the first member. 



since 



And generally, if Gu x = 0 (t), then 

a***-*® Gu^^l (2 ). 

Hence therefore 

Gu x „-Gu x =(j-lj<l>(t). 
But the first member is obviously equal to GAu x) therefore 

<?A«,= (i- l)*(0 (3). 
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ART. 8.] DIRECT THEOREMS OP FINITE DIFFERENCES. 15 

And generally 

<?AX=(i-l)Vw (4). 

To apply these theorems to the problem under considera- 
tion we have, supposing still €ru K — <f> (t), 

= |i + (I«i)JV(e) 

= fit j Mr+w Au x +^^- ) A\+&c. • 
Hence 

. n (w — 1) A , p 
nAw,+ — ^ — A 4 ^ + &c. 

which agrees with (1). 

Although on account of the extensive use which has been 
made of the method of generating functions, especially by 
the older analysts, we have thought it right to illustrate its 
general principles, it is proper to notice that there exists an 
objection in point of scientific order to the employment of 
the method for the demonstration of the direct theorems of 
the Calculus of Finite Difference; viz. that G is, from its 
very nature, a symbol of inversion (Diff. Equations, p. 375). 
In applying it, we do not perform a direct and definite ope- 
ration, but seek the answer to a question, viz. What is that 
function which, on performing the direct operation of deve- 
lopment, produces terms possessing coefficients of a certain 
form? and this is a question which admits of an infinite 
variety of answers according to the extent of the development 
and the kind of indices supposed admissible. Hence the 
distributive property of the symbol G, as virtually employed 
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16 DIRECT THEOREMS OF FINITE DIFFERENCES. [CH. II. 

in the above example, supposes limitations which are not 
implied in the mere definition of the symbol. It must be 
supposed to have reference to the same system of indices in 
the one member as in the other ; and though, such conven- 
tions being supplied, it becomes a strict method of proof, its 
indirect character still remains. 

9. We proceed to the last of the methods referred to in 
Art 6, viz. that which is founded upon the study of the ulti- 
mate laws of the operations involved. In addition to the 
symbol A, we shall introduce a symbol D to denote the ope- 
ration of giving to a; in a proposed subject function the incre- 
ment unity ; — its definition being 

Du x =u^ (1). 

Laws and Relations of the symbols D, A and ~- . 
1st. The symbol A is distributive in its operation. Thus 
A (u x + v x + &c.) = Aw x + Av x (2). 

For 

A (w x +v x +&c.) = v s+l +v a+l ... — (u x +v t ...) 

= Aw x + At?g... 

In like manner we have 

A (u x -v x ...) =Aw x -Av x (3). 

2ndly. The symbol A is commutative with respect to any 
constant coefficients in the terms of the subject to which it is 



applied. Thus a being constant, 

kau x =au^- au x 

= a^u x (4). 

And from this law in combination with the preceding one, 
we have, a, by... being constants, 

A (au a +bv K ...)=a&u a +b&v M (5). 
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3rdly. The symbol A obeys the index law expressed by 
the equation 

A B A\=A m \ (6), 

m and n being positive indices. For, by the implied definition 
of the index w, 

A m A n u s — (AA...m times) (AA...n times) u K 
= (AA...(wi + n) times} u m 
= A m+1, w (r . 

These are the primary laws of combination of the symbol 
A. It will be seen from these that A combines with A and 
with constant quantities, as symbols of quantity combine with 
each other. Thus, (A + a) u denoting Au + au, we should 
have, in virtue of the first two of the above laws, 

( A + a) ( A + b) u = {A* + (a + b) A + ab] u 

= A* u + (a + b) Au + abu (7), 

the developed result of the combination (A + a) (A + b) being 
in form the same as if A were a symbol of quantity. 

The index law (6) is virtually an expression of the formal 
consequences of the truth that A denotes an operation which, 
performed upon any function of x, converts it into another 
function of x upon which the same operation may be repeated. 
Perhaps it might with propriety be termed the law of repe- 
tition ; — as such it is common to all symbols of operation, 
except such, if such there be, as so alter the nature of the 
subject to which they are applied, as to be incapable of 
repetition. It was however necessary that it should be dis- 
tinctly noticed, because it constitutes a part of the formal 
ground of the general theorems of the calculus. 

The laws which have been established for the symbol A are 
even more obviously true for the symbol D. The two sym- 
bols are connected by the equation * 

# = 1+A, 

since 

Du m = u e + Au x = (1 + A) u g (8), 

B. f. d. 2 
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d 

and they are connected with ^- by the relation 

D=e* (9), 

founded on the symbolical form of Taylor's theorem. For 
n d 1 d*u x 1 d'u x - 



(.did 1 1 d* , \ 
l 1 + ^ + 2S + 273^ + &C 'J 



d 

It thus appears that D, A, and ^ , are connected by the 
two equations 

2> = 1+A = e* (10), 

and from the fact that D and A are thus both expressible by 
means of ^ it might be inferred that the symbols X>, A, 

and ^- combine, each with itself, with constant quantities, 

and with each other, as if they were individually symbols of 
quantity. {Differential Equations, Chapter xvi.) 

10. In the following section these principles will be 
applied to the demonstration of what may be termed the 
direct general theorems of the Calculus of Differences. The 
conditions of their inversion, i.e. of their extension to cases in 
which symbols of operation occur under negative indices, will 
be considered, so far as may be necessary, in subsequent 
chapters. 

Ex. 1. To develope u in a series consisting of u s and 
its successive differences (Ex. of Art. 7, resumed). 

By definition 

u x+l = Du x , u x „ = I?u mt &c. 



Digitized by Google 



u. 



ART. 10.] DIRECT THEOREMS OF FINITE DIFFERENCES. 19 

Therefore 

«.„=i>X=(l + A)X (1), 

= { l + -A + ^ A . + -fiL^iSzS A ....J 

_«. + BAtt , + M!Lll) A' u , + " (n " 2 1 , ) 3 (w " 2) AV,+&e..( 2 ). 

Ex. 2. To express b?u K in terms of u m and its successive 
values. 

Since Au x = — u x = Dm, — , we have 
A W , = (Z)-1K, 

and as, the operations being performed, each side remains a 
function of x, 

A\=(Z)-l)»u a 

= - + iferD /r- + &cj u x . 

Hence, interpreting the successive terms, 

An n(n— 1) / ,\« ,„ N 
^tt, = \,-»Vi + — xT2~ + 1) w« (3). 



Of particular applications of this theorem those are the 
most important which result from supposing u 9 =■ af\ 

We have 

A n a; m =(x+n) m -n(a;+n-l)"+^^ (a? + n - 2) w -&c...(4). 

Now let the notation A"(T be adopted to express what the 
first member of the above equation becomes when x = 0 ; then 

A n 0 m = n m -n (n~l) M 

n(n-l)(n-2)(n-sr . fa ^ 
^ 1.2 1.2.3 W * 

The systems of numbers expressed by A"(T are of frequent 
occurrence in the theory of series. Professor Dc Morgan has 
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given the following table of their values up to A 10 0 10 calculated 
from the above theorem. (J) iff. Calculus, p. 253) : 





A 


A 3 


A 3 


A 4 


A s 


A« 


A 7 


A* 


A» 


A" 




«: 


0 


0 


o| 0 


0 


0 


c 


0 


0 


o 3 




2 


0 


0' 


0 


0 


0 


0 


0 


0 


o 3 




6 


6 


0 


0 


0 


0 


0 


0 


0 


o* 




M 


36 


24 


0 


0 


0 


0 


0 


0 


o 5 




30 


*5° 


240 


120 


0 


0 


0 


0 


0 


o 6 


1 


62 




540 




1560 


1800 


720 


0 


0 


0 


0 




1 


1 26 


1806 


8400 


16800 


15120 


5040 


0 


0 


0 


o* 


1 




5796 


408-24 


126000 


191520 


141120 


40320 


0 


0 




1 


510 


18150 


186480 


834120 


190512c 


2328480 


i45»5*° 


362880 


1 


0" 


1 


1022 


55080 


I8i8^ic 


5 10 3000 


1643544c 


29635200 


30240000 16329600 


3628800] 



From (2) Art. 1, we have 

A n 0 n = 1.2...n, 

and, equating this with the corresponding value given by (5), 
we have 

1.2...n = n w -n(n-l)" + w( " t ~ 1) (n-2)-+&c (6). 

J. • £ 

Ex. 3. To obtain developed expressions for the 71 th differ- 
ence of the product of two functions u x and y e . 

Since 

Au x v x = u x + l .v x + l -u x v x 
= Du x .D'v x -u x v x , 

where D applies to u x alone, and D' to v x alone, we have 

Au x v x = (DD'-l)u x v x , 

and generally 

£fu x v x ={DD-\yu x v x (7). 

It now only remains to transform, if needful, and to develope 
the operative function in the second member according to tie 
nature of the expansion required. 
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Thus if it be required to express & H u x v x in ascending differ- 
ences of v x , we must change D' into A'+ 1, regarding A' as 
operating only on v x . We then have 

AX*. = [D (1 + A') - 1 } n u x v x 
= (A + Db!) n u a v 9 

= |a» + nA'-^A' + A^JFA'* + &c.| u x v x . 

Remembering then that A and D operate only on u x and A' 
only on v xf and that the accent on the latter symbol may be 
dropped when that symbol only precedes v x , we have 

A\« x = A n u x .v x + nA"" 1 ^. Aw, 

+ !L fe^ A "" tt -- A ^ + &C (8) ' 
the expansion required. 

As a particular illustration, suppose u x = a*. Then since 

A^w^ = A^a** = a'A^a* 

= a* +r (a- 1)*", by (14), Art. 2, 

we have 

AVV, = a' { (a - 1 )*v m + n (a - l^aAv, 

+ !L ^- ) (« - l^AV, + &c.} (9). 

Again, if the expansion is to be ordered according to suc- 
cessive values of v x , it is necessary to expand the un trans- 
formed operative function in the second member of (7) in 
ascending powers of D' and develope the result. We find 

AX*. = (- 1)* {u x v x - nu^v^ + Vl^SL Wx+a v x+8 + &c.} . . . (10). 

Lastly, if the expansion is to involve only the differences 
of u x and v„ then, changing D into 1 + A, and U into 1 + A', 
we have 

A\t? f = (A + A' + AATXv, (11), 

and the symbolic trinomial in the second member is now to be 
developed and the result interpreted. 
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Ex. 4. To express A*«, in terms of the differential co- 
efficients of u a . 

± 

1st. By (10), Art. 9, A = e"- 1. Hence 

AX=(€*-1)X (12). 

Now t being a symbol of quantity, we have 

( e '- 1 )"=( < + 0 + Ti3 + &C -)" 
on expansion, A v A t , &c. being numerical coefficients. Hence 

( / -- i )"=©" + ^(£r + ^(£r +&c -« 

and therefore 

A '»Hih +A > {IT«-+ A - (£"V&c....(i4). 

11. The coefficients A lt A v ...&c. may be determined in 
various ways, the simplest in principle being perhaps to de- 
velope the right-hand member of (13) by the polynomial 
theorem, and then seek the aggregate coefficients of the suc- 
cessive powers of t. But the expansion may also be effected 
with complete determination of the constants bv a remarkable 
secondary form of Maclaurin's theorem, which we shall pro- 
ceed to demonstrate. 

Secondary form of Maclauriris Theorem, 

Prop. The development of <f> (t) in positive and integral 
power 8 of t, when such development is possible, may be expressed 
in the form 



where 4>(J^ ® m denotes what <j> (^j P becomes when t = 0. 
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First, we shall shew that if <f>(t) and -^(t) are any two 
functions admitting of development in the form a + bt + cf + 

then -+(a)*W < 15 )> 

provided that t be made equal to 0, after the implied opera- 
tions are performed. 

For, developing all the functions, each member of the 
above equation is resolved into a series of terms of the form 

(d\ m 
^ ) f, while in corresponding terms of the two members 

the order of the indices m and n will be reversed. 

Now K-J f is equal to 0 if m is greater than «, to 

1.2... n if m is equal to w, and again to 0 if m is less than w 
and at the same time t equal to 0 ; for in this case tf*~ m is a 
factor. Hence if t — 0, 



and therefore under the same condition the equation (15) is 
true, or, adopting the notation above explained, 

* 0»)+<°> 

Now by Maclaurin's theorem in its known form 

* w = * (°) + To * (0) • 1 + m * (0) • o + &c (")• 

Hence, applying the above theorem of reciprocity, 

f<) = W + *Qo-'+* (|) 0'. ^ + &c ...(18), 

the secondary form in question. The two forms of Mac- 
laurin's theorem (17), (18) may with propriety be termed 
conjugate. 
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As a particular illustration, suppose j>(t) = («*- 1)", n being 
a positive integer. Then observing that 

*(0) = 0, 
= A"0 m , 

we have 

(* - 1)- - A"0 . t + A*0« . ^ + A"0 8 . j-J-j + &c. 

But A*0 m is equal to 0 if m is less than n, and to 1.2...n 
if m is equal to n; Art. 1. Hence 

(e* - 1)- « r + f 0 . * r"+&e...(i9). 

1.2...n + l 1.2...n + 2 x 

The coefficients of this expansion are now given by the 
table in Art. 10, or by the theorem from which that table is 
calculated. 

Hence therefore, since A"t* = (e - *— 1)" «, we have 

u= 5? i.2...(» +1 ) ^ + 1X^2) £^ +&c - (20)l 

the theorem sought. 

As a particular example we have 
AV = 77i (m - l)...(m - n + 1) a; 1 *"" 

+ Tl i»(m-l)...(m-n)ar-"- 1 ... + A"0"...(21). 

1 .2. ..71 -p 1 

The reasoning employed in the above investigation pro- 
ceeds upon the assumption that n is a positive integer. The 
very important case in which n = — 1 will be considered in 
another chapter of this work. 

d*u 

Ex. 5. To express in terms of the successive differences 
of u. 
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Since €** = 1 + A, we have 

|-log(l + A), 

therefore = |log (1 + A) J" (22), 

and the right-hand member must now be developed in as- 
cending powers of A. 

In the particular case of n = 1, we have 

du A A'u , A s « A 4 m . 

_ = A «- — + — -— +&c (23). 

As a particular application, suppose w=x(a?— l),..(x—n+ 1), 
then adopting the notation of Art. 2, 

u = x in \ 

Au = na^ 11 , 

A , M = n(n-l) a^, 

&C 

Therefore ^ = 7ia J , "- , » - n (n ~ 1} x*+ 
ax 2 

+ n(n-l)(n-2) a ^ &c ^ 

a theorem which enables us to express a differential coeffi- 
cient of a factorial in factorials. 

It would be easy, but it is needless, to multiply these 
general theorems, some of those above given being valuable 
rather as an illustration of principles than for their intrinsic 
importance. Other examples will occur in the course of 
this work. 

EXERCISES. 

1. Establish the following results: 

. — sin a 

A cot ax = 



sin ax sin a (a; +1) ' 



* 
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A 2* sin £ = 2^ sin ^ (sin 

a 

tan — — . 

Atan- = , 

2* a 

A cot (2*a) = . . i,. . . 
v J sm(2 x+1 a) 

2. Shew that A — may be expressed in the form 



v x Au M — u x Av 



3. If Ax = a and Au a = u x+a -u x1 prove that 

n A w(n — o) A . , w(n— a) (n — 2a) A . , « 
*~ = + a Att « + "br + 2.3.a' * + &C ' 

4. Prove the following theorem, viz. 

// ... a'ydx* = a' {log (a + aA)Yy. 

What complementary function must be added to the second 
member ? 

5. Shew that Sir John Herschell's theorem for the de- 
velopment of functions of exponentials, viz. 

fi/) =/(l) + A) 0 . t+f(l + A)0'. + &C, 
is a consequence of the Theorem of Art. 11. 

6. If x = prove that 

U*/ 1 * dx + 1.2* da? + <k» + &C - 

7. Prove the following theorems: 



A"0 ,+l = lil±il A"0". 
2 
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8. If Au^sm^^-u,,,,, and if A"w,. r be expanded in a 
series of differential coefficients of w, shew that the general 
term will be 



A p 0" x A'O* dx>dy q ' 

9. Prove the following theorem, viz. 

a.x* a.x* a A x* 

a? 



/ x 2 x \ 

= I a Q + xLa 0 + - AX + — A\ + &c. J , 

the symbol A being defined by the equation Aa„ = — a n . 

10. Wliat class of series would the above theorem enable 
us to convert from a slow to a rapid convergence? 

11. Shew by the theorem of Art. 11, that the develop- 
ment of the function €*' in ascending powers of t may be ex- 
hibited in the form 

And hence calculate the first four terms of the expansion. 
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CHAPTER III. 

OF INTERPOLATION. 

1. The word interpolate has been adopted in analysis to 
denote primarily the interposing of missing terms in a series 
of quantities supposed subject to a determinate law of magni- 
tude, but secondarily and more generally to denote the calcu- 
lating, under some hypothesis of law or continuity, of any 
term of a series from the values of any other terms supposed 
given. 

As no series of particular values can determine a law, the 
problem of interpolation is an indeterminate one. To find 
an analytical expression of a function from a limited number 
of its numerical values corresponding to given values of its 
independent variable x is, in Analysis, what in Geometry it 
would be to draw a continuous curve through a number of 
given points. And as in the latter case the number of pos- 
sible curves, so in the former the number of analytical ex- 
pressions satisfying the given conditions, is infinite. Thus 
the form of the function — the species of the curve — must be 
assumed a priori. It may be that the evident character of 
succession m the values observed indicates what kind of 
assumption is best. If for instance these values are of a 
periodical character, circular functions ought to be employed. 
But where no such indications exist it is customary to assume 
for the general expression of the values under consideration 
a rational and integral function of x, and to determine the 
coefficients by the given conditions. 

This assumption rests upon the supposition (a supposition 
however actually verified in the case of all tabulated func- 
tions) that the successive orders of differences rapidly dimi- 
nish. In the case of a rational and integral function of x of 
the 71 th degree it has been seen that differences of the n + 1 th 
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and of all succeeding orders vanish. Hence if in any other 
function such differences become very small, that function 
may, quite irrespectively of its form, be approximately repre- 
sented by a function which is rational and integral. Of 
course it is supposed that the value of x for which that of 
the function is required is not very remote from those, or 
from some of those, values for which the values of the func- 
tion are given. The same assumption as to the form of the 
unknown function and the same condition of limitation as to 
the use of that form flow in an equally obvious manner from 
the expansion in Taylor's theorem. 

2. The problem of interpolation assumes different forms, 
according as the values given are equidistant, i.e. corre- 
spondent to equidifFerent values of the independent variable, 
or not. But the solution of all its cases rests upon the same 
principle. The most obvious mode in which that principle 
can be applied is the following. If for n values a, J,... of 
an independent variable x the corresponding values tt a , t^,... of 
an unknown function of x represented by u x , are given, then, 
assuming as the approximate general expression of 

u x =A+Bx + Cx*...+Ex n - X (1), 

a form which is rational and integral and involves n arbitrary 
coefficients, the data in succession give 

u a =A + Ba + CV... + Ea n '\ 

u b = A + Bb + Cb\.. + Eb n ~\ 



a system of n linear equations which determine A, B...E. 
To avoid the solving of these equations other but equivalent 
modes of procedure are employed, all such being in effect 
reducible to the two following, viz. either to an application 
of that property of the rational and integral function in the 
second member of (1) which is expressed by the equation 
& n u x = 0, or to the substitution of a different but equivalent 
form for the rational and integral function. These methods 
will be respectively illustrated in Prop. 1 and its deductions, 
and in Prop. 2, of the following sections. 

Prop. 1. Given n consecutive equidistant values u^u^.. 
u^_ x of a function u xi to find its approximate general expres- 
sion. 
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By Chap. II. Art. 10, 

A 77i (m — 1) D 
u^ m =u x +m&.u x -\ — : A\+&c. 



Hence, substituting 0 for and x for m, we have 
u x = u 0 + xAu 0 + X ^ ^ A*m 0 + &c. ad inf. 

But on the assumption that the proposed expression is 
rational and integral and of the degree n — 1 , we have A n w,=0, 
and therefore A"w 0 = 0. Hence 

, A , x (x- 1) A2 

a?(ar-l)...(a-n + 2) , 
+ 1.2...(n-l) A M ' (2) ' 

the expression required. It will be observed that the second 
member is really a rational and integral function of x of the 
degree n— 1, while the coefficients are made determinate by 
the data. 

In applying this theorem the value of x may be con- 
ceived to express the distance of the term sought from the 
first term in the series, the common distance of the terms 
given being taken as unity. 

Ex. Given log 3'14 = -4969296, log 3*15 = -4983106, log 
3*16 = -4996871, log 3*17 = '5010593 ; required an approximate 
value of log 3-14159. 

Here, omitting the decimal point, we have the following 
table of numbers and differences : 









u 

2 


u 

9 




4969296 


4983106 


4996871 


5010593 


A 


13810 


13765 


13722 




A 8 


-45 


-43 






A 3 


2 









The first column gives the values of u Q and its differences 
up to A\. Now the common difference of 3*14, 315, &c. 
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being taken as unity, the value of x which corresponds to 
3*14159 will be '159. Hence we have 

u = 4969296 + '159 x 13810 + (* 159 ) (* 159 ~ *) x _ 45 

t (-159) (-159-1) (-159-2) 
+ 1^3 ' 

Effecting the calculations we find ^='4971495, which is 
true to the last place of decimals. Had the first difference 
only been employed, which is equivalent to the ordinary rule 
of proportional parts, there would have been an error of 4 in 
the last decimal, and second differences would have reduced 
this error to 1. 

3. When the values given and that sought constitute a 
series of equidistant terms, whatever may be the position of 
the value sought in that series, it is better to proceed as 
follows. 

Let u 0 , u. , u t ... u n be the series. Then since, according to 
the principle of the method, A*m o = 0, we have by Chap. II. 
Art. 10, 

n (n — 1) . „ , . 

u n -nu^+ ^ 2 ' ii^ ... + (- 1)"« 0 = 0 (3), 

an equation from which any one of the quantities 

may be found in terms of the others. 

Thus, to interpolate a term midway between two others, 
we have 

^-2^ + ^ = 0; .-. u,=^±^ (4). 

Here the middle term is only the arithmetical mean. 
To supply the middle term in a series of five, we have 
« 0 — 4Wj + 6?/ t - 4w 3 + u 4 = 0 ; 
, ^ = 4(u, + u a ) -(« 0 + M< ) 
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Ex. Representing as is usual I e^P^dO by V (n), it is 

0 

required to complete the following table by finding approxi- 
mately log T (^j : 



n 

2 
12 

j3 
12 

j4 
12 

5^ 
12 



logI», 


n 


logI», 


•74556, 


7 

i"2 


•18432, 


•55938, 


8 
12 


•13165, 


•42796, 


9 

12 


•08828, 


•32788, 


10 
12 


•05261. 



Let the series of values of log T(w) be represented by 
u l9 « 9 ... u 9 , the value sought being that of u s . Then pro- 
ceeding as before, we find 

> 

_ 8.7 8.7.6 o rt 

or, 

u i + M 9- 8 K + w s) + 28 K+ w 7 ) ~ 56 (w 4 + w fl ) + 70w 6 = 0 ; 
whence 

u _ 56 (ti 4 + *0 - 28 (tt t + m 7 ) -f- 8 (tf, + tp - (m, + tQ ^ 

Substituting for « t , w a , &c, their values from the table, 
we find 

log r g) - '24853, 
the true value being '24858. 

To shew the gradual closing of the approximation as the 
number of the values given is increased, the following results 
are added : 
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Data. Calculated value of w, . 

u A u 6 '25610, 

u *> u * u *> u i -24820, 

W 2> W S> M 4 M 6» W 7» W 8 -24865, 

«n u »y u *i u 4 w e> v 7> w 8 ) u 9 '24853. 

4. By an extension of the same method, we may treat any 
case in which the terms given and sought are terms, but not 
consecutive terms, of a series. Thus, i£u l9 w 4 , u 6 were given 
and u a sought, the equations A\ = 0, A 8 t/ a = 0 would give 

« 4 -3tt t + 3M 1 -w 1 = 0, 

U 6 ~ 3W 4 + 3W 8 * U % = 0 > 

from which, eliminating w s , we have 

3w a -8M 4 + 6ti,-w 1 = 0 (7), 

and hence w 8 can be found. But it is better to apply at once 
the general method of the following Proposition. 

Prop. 2. Given n values of a function which are not 
consecutive and equidistant, to find any other value whose 
place is given. 

Let u ai u b , u e ... u n be the given values, corresponding to 
a, b t c ... n respectively as values of a?, and let it be required 
to determine an approximate general expression for u x . 

We shall assume this expression rational and integral, 
Art. 1. 

Now there being n conditions to be satisfied, viz. that for 
x = a, x = b ... x = n, it shall assume the respective values 
u a, u b ••• u »> tne expression must contain n constants, whose 
values those conditions determine. 



We might therefore assume 

u x = A + Bx+ Ca?... + Ex*- 1 (8), 

and determine A, B, C by the linear system of equations 
formed by making x = a, b ... w, in succession. 

B. F. d. 3 
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The substitution of another but equivalent form for (8) 
enables us to dispense with the solution of the linear system. 

Let u x = A{x — b){x — c)...{x — n) 

+ B (x — a) {x — c) ... (x — n) 

+ C{x-a) (x-b) ... (x-n) (9) 

+ &c. to n terms, each of the n terms in the right-hand mem- 
ber wanting one of the factors x — a, x — b,...(x — n), and 
each being affected with an arbitrary constant. The assump- 
tion is legitimate, for the expression thus formed is, like 
that in (8), rational and integral, and it contains n arbitrary 
coefficients. 

Making x = a, we have 

u a = A (a — b) {a — c) ... (a — n) ; 

therefore 

A- 



(a — b) (cl — c) ... (a — n) ' 
In like manner making x = b 7 we have 



B = 



{b-a) {b-c) ...(b-n)' 

and so on. Hence finally, 

(x — b) (x — c) ... (x— n) (x — a)(x—c)...(x — n) 
V * = M ° {^b)(a-c)...{a-n) + U " {b-a) (b -c) ... {b-n) "' 

(x-a)(x-b)( x-c) ... , . 

- +tt -"(n-a)"(n-ft) (»-c) ... ^ 

the expression required. This is Lagrange's theorem for 
interpolation. 

As the problem of interpolation, under the assumption that 
the function to be determined is rational and integral, is a 
determinate one, the different methods of solution above 
exemplified lead to consistent results. All these methods 
are implicitly contained in that of Lagrange. 

The following are particular applications of Lagrange's 
theorem. 
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5, Given any number of values of a magnitude as ob- 
served at given times ; to determine approximately the values 
of the successive differential coefficients of that magnitude at 
another given time. 

Let a, b, ... n be the times of observation, u ai u b> ,,,u n the 
observed values, x the time for which the value is required, 
and u x that value. Then the value of u x is given by (10), 
and the differential coefficients can thence be deduced in the 
usual way. But it is most convenient to assume the time 
represented above by x as the epoch, and to regard a, b f ... n 
as measured from that epoch, being negative if measured 

du d^u 

backward. The values of ~ , &c. will then be the 

coefficients of Xf X , &c. in the development of the second 
member of (10) divided by 1, 1.2, 1.2.3, &c. successively. 
Their general expressions may thus at once be found. Thus 
in particular we shall have 



, be.,, ft (V H — ...+— \ 

au x \b c nj 



j =±; rrr — ? 7 rw« + &c (11), 

dx (a — b)(a — c)...(a — n) v " 

72 be ... ttfi- + o + "~j+& c,> ) 

^ = + Ik hd <* { Wa+ &c....(12). 

dx % 1.2 (a- b)(a -c) „.(a-n) ° v ; 

Laplace's computation of the orbit of a comet is founded 
upon this proposition (Mtcantque Cileste), 

6. The values of a quantity, e. g. the altitude of a star at 
given times, are found by observation. Required at what 
intermediate time the quantity had another given value. 

Though it is usual to consider the time as the independent 
variable, in the above problem it is most convenient to con- 
sider the observed magnitude as such, and the time as a 
function of that magnitude. Let then a, b, c, . . . be the values 
given by observation, u a1 u b , u ey ... the corresponding times, 
x the value for which the time is sought, and u x that time. 
Then the value of u x is given at once bv Lagrange's theorem 
(10). 

3—2 
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The problem may however be solved by regarding the time 
as the independent variable. Representing then, as in the 
last example, the times given by a, b, ...n, the time sought 
by x, and the corresponding values of the observed magnitude 
by w a , w„, ... m„, and u x , we must by the solution of the same 
equation (10) determine x. 

The above forms of solution being derived from different 
hypotheses, will of course differ. We say derived from dif- 
ferent hypotheses, because whichsoever element is regarded 
as dependent is treated not simply as a function, but as a 
rational and integral function of the other element ; and thus 
the choice affects the nature of the connexion. Except for 
the avoidance of difficulties of solution, the hypothesis which 
assumes the time as the independent variable is to be pre- 
ferred. 

Ex. Three observations of a quantity near its time of maxi- 
mum or minimum being taken, to find its time of maximum 
or minimum. 

Let a, c, represent the times of observation, and u x the 
magnitude of the quantity at any time x. Then u aJ u b and 
u e are given, and, by Lagrange's formula, 

(x — b)(x— c) (x — c)(x — a) (x — a)(x — b) 
w *- w « (a _£) (a _ c ) + ^(6-c)(6-a) +Wc (c-a) (c-b)> 

and this function of sc is to be a maximum or minimum. 
Hence equating to 0 its differential coefficient with respect 
to x, we find 4 

(y-c> ff + (c'-a>, + (a'--&'K 
X " 2 { (b - c) u a + (c - a) u 0 + (a - b) u e ] ^ *> ' 

This formula enables us to approximate to the meridian 
altitude of the sun or of a star when a true meridian observa- 
tion cannot be taken. 

Areas of Curves. 

7. Formulae of interpolation may be applied to the ap- 
proximate evaluation of integrals between given limits, and 
therefore to the determination of the areas of curves, the con- 
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tents of solids, &c. The application is convenient, as it does 
not require the form of the function under the sign of inte- 
gration to be known. 

Prop. The area of a curve being divided into n portions 
bounded by n + 1 equidistant ordinates w 0 , u l9 ,..u n9 whose 
values, together with their common distance, are given, an 
approximate expression for the area is required. 

The general expression for an ordinate being u XJ we have, 
if the common distance of the ordinates be assumed as the 

unit of measure, to seek an approximate value of j njtx. 

Now, by (2), 

» x(x — 1) A2 x(x — l)(x — 2) .« Q 
u a = u 0 + *Au 0 + \ 2 J A\ + v 1 2 ; v 3 } - A\ + &c. 

Hence 

f n f n C n A*w f B 

I u x dx = u Q I daj+AwJ xdx + —±\ x(x-l)dx 

and effecting the integrations 

+( |. 2 „. + »...|„. +1W )_^_ 

+ &c (14). 

It will be observed that the data permit ns to calculate 
the successive differences of w 0 up to A*« 0 . Hence, on the 
assumption that all succeeding differences may be neglected, 



T 



4 
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the above theorem gives an approximate value of the integral 
sought. The following are particular deductions. 

1st. Let n = 2. Then, rejecting all terras after the one 
involving A*m 0 , we have 

fu x dx = 2u 0 + 2Aw 0 + J A\. 

But Aw 0 = u x - u 0 , A*w 0 = u % — 2Wj + u 0 ; whence, substi- 
tuting and reducing, 

j'u J lx = u ' + i l> + u '. 

If the common distance of the ordinates be represented by 
h, the theorem obviously becomes 

and is the foundation of a well-known rule in treatises of 
Mensuration. 

2ndly. If there are four ordinates whose common distance 
is h, we find in like manner 

j^fe. »(». + » vf's + 'O (w) . 

3rdly. If five equidistant ordinates are given, we have in 
like manner 

pujx = UK + ^ 4 ) + 64^ + ^ + 24^ 

4thly. The supposition that the area is divided into six 
portions bounded by 7 equidistant ordinates leads to a re- 
markable result, first given by the late Mr Weddle (Math. 
Journal, Vol. ix. p. 79), and deserves to be considered in 
detail. 

Supposing the common distance of the ordinates to be 
unity, we find, on making n = 7 in (14) and calculating the 
coefficients, 
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i 123 
Ua dx = 6w 0 + 18Aw 0 + 27 A\ + 24A\ + A\ 

+ ??A 8 w + — AV (18). 

10 0 140 0 v J 



Now the last coefficient differs from or by the 

140 140 10 

small fraction , and as from the nature of the approxima- 
140 

tion we must suppose sixth differences small, since all suc- 
ceeding differences are to be neglected, we shall commit but 

3 

a slight error if we change the last term into — A\. Doing 

this, and then replacing Aw 0 by u l — u 0 and so on, we find, on 
reduction, 



3 

u x dx = y^{w 0 +tt 4 + w 4 + u 6 + 5 ( Mi + W J + 6 w s } , 



which, supposing the common distance of the ordinates to be 
h, gives 



6A 3^ 

u t dx = - [u 0 + u t + u 4 + w a + 5 (u t + -f 6m 8 )...(19), 



10 

the formula required. 

It is remarkable that, were the series in the second member 
of (18) continued, the coefficient of A'w 0 would be found to 
vanish. Thus while the above formula gives the exact area 
when fifth differences are constant, it errs in excess by only 

-j— AV when seventh differences are constant. 
140 

The practical rule hence derived, and which ought to find 
a place in elementary treatises on mensuration, is the fol- 
lowing : 

The proposed area being divided into six portions by seven 

equidistant ordinates, add into one sum the even ordinates 

5 times the odd ordinates and the middle ordinate, and mul- 

3 

tiply the result by — of the common distance of the ordinates. 
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Ex. 1. The two radii which form a diameter of a circle are 
bisected, and perpendicular ordinates are raised at the points 
of bisection. Required the area of that portion of the circle 
which is included between the two ordinates, the diameter, 
and the curve, the radius being supposed equal to unity. 

The values of the seven equidistant ordinates are 

2 , 3 , 6 , , 6'3 , 2 , 

and the common distance of the ordinates is|. The area 

o 

hence computed to five places of decimals is '95661, which, on 

comparison with the known value - + — , will be found to be 

correct to the last figure. 

The rule for equidistant ordinates commonly employed 
would give -95658. 

In all these applications it is desirable to avoid extreme 
differences among the ordinates. Applied to the quadrant 
of a circle Mr Weddle's rule, though much more accurate 
than the ordinary one, leads to a result which is correct only 
to two places of decimals. 

Should the function to be integrated become infinite at or 
within the limits, an appropriate transformation will be 
needed. 

Ex. 2. Required an approximate value of J* log sin OdO. 

The function log sin 6 becoming infinite at the lower limit, 
we have, on integrating by parts, 

/log sin Odd = 0 log sin 6 -JO cot Odd, 

but the integrated term vanishing at both limits, 

J 1 log sin 6d6 = -J* 6 cot 0dO. 
The values of the function 6 cot 0 being now calculated for 
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the successive values 0 = 0, # = — , 0 = — f 0 = — , and 

the theorem being applied, we find 

f- 

-ye cot ^» -•693ii. 

The true value of the definite integral is known to be 

f log.(j), or- -69316. 

8. Lagrange's formula enables us to avoid the interme- 
diate employment of differences, and to calculate directly the 
coefficient of u m in the general expression for fudx. If we 
represent the equidistant ordinates, 2n-f 1 in number, by 
« 0 , Wj.-.ti^, and change the origin of the integrations by as- 
suming x — n = y, we find ultimately 

fudx = ^ 0 w n + A x (u^ + iO + A % ( Mw+S + O— + ^» K.+ v o)> 
where generally 

^ = (- »r 

r 1.2. ..(n + r) 1.2. ..(n-r) 

x j'(^m ^ r (n--f) dv (ao)< 

A similar formula may be established when the number of 
equidistant ordinates is even. 

Application to Statistics. 

9. When the results of statistical observations are pre- 
sented in a tabular form it is sometimes required to narrow 
the intervals to which they correspond, or to fill up some 
particular hiatus by the interpolation of intermediate values. 
In applying to this purpose the methods of the foregoing 
sections, it is not to be forgotten that the assumptions which 
they involve render our conclusions the less trustworthy in 
proportion as the matter of inquiry is less under the dominion 
of any known laws, and that this is still more the case in 
proportion as the field of observation is too narrow to exhibit 
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fairly the operation of the unknown laws which do exist. 
The anomalies, for instance, which we meet with in the at- 
tempt to estimate the law of human mortality seem rather to 
be due to the imperfection of our data than to want of conti- 
nuity in the law itself. The following is an example of the 
anomalies in question. 

Ex. The expectation of life at a particular age being 
defined as the average duration of life after that age, it is 
required from the following data, derived from the Carlisle 
tables of mortality, to estimate the probable expectation of 
life at 50 years, and in particular to shew how that estimate 
is affected by the number of the data taken into account. 



Age. 


Expectation. 


Age. 


Expectation. 


10 


48-82 = « x 


60 


1434 = u t 


20 


41-46 = w, 


70 


9*18 =« 7 


30 


34-34 = « 3 


80 


5*51 = u s 


40 


27*61 =u 4 


90 


3-28 =u 9 



The expectation of life at 50 would, according to the above 
scheme, be represented by u B . Now if we take as our only 
data the expectation of life at 40 and 60, we find by the 



method of Art. 3, 

^ = ^ = 20-97 (a). 

If we add to our data the expectation at 30 and 70, we 
find 

u> = l (»4+«0-jK+«0 = 20-71 (*)• 

If we add the further data for 20 and 80, we find 



U >=J («4 + «0 - Jq fo + «0 + ^ K+«0 =20-75...(c). 

And if we add in the extreme data for the ages of 10 and 
90, we have 

+ ^K+^-^K + ».) = 20-77 (d). 
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We notice that the second of the above results is consider- 
ably lower than the first, but that the second, third, and 
fourth exhibit a gradual approximation toward some value 
not very remote from 20*8. 

Nevertheless the actual expectation at 50 as given in the 
Carlisle tables is 21*11, which is greater than even the first 
result or the average between the expectations at 40 and 60. 
We may almost certainly conclude from this that the Carlisle 
table errs in excess for the age of 50. 

And a comparison with some recent tables shews that this 
is so. From the tables of the Registrar-General, Mr Neison* 
deduced the following results. 



Ago. 


Expectation. 


Age. 




10 


47-7564 


60 


14-5854 


20 


40-6910 


70 


9-2176 


30 


34-0990 


80 


5-2160 


40 


27*4760 


90 


2-8930 


50 


20*8463 







nm 









~ . ~~ ~ ~ J 

sponding to those given in (a), (£), (c), (d), will be 
to be 

21-0307, 20-8215, 20*8464, 21*2073. 

We see here that the actual expectation at 50 is less than 
the mean between those at 40 and 60. We see also that the 
second result gives a close, and the third a very close, approxi- 
mation to its value. The deviation in the fourth result, which 
takes account of the extreme ages of 10 and 90, seems due to 
the attempt to comprehend under the same law the mortality 
of childhood and of extreme old age. 

When in an extended table of numerical results the differ- 
ences tend first to diminish and afterwards to increase, and I 
think I have observed such a disposition in tables of mor- 
tality, it may be concluded that the extreme portions of the 
tables are subject to different laws. And even should those 
laws admit, as perhaps they always do, of comprehension 
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under some law higher and more general, it may be inferred 
that that law is incapable of approximate expression in the 
particular form (Art. 2) which our methods of interpolation 
presuppose. 

EXERCISES. 

1. Required an approximate value of log 212 from the 
following data : 

log 210 = 2-3222193, log 213 = 2*3283796, 

log 211 = 2*3242825, log 214 = 2-3304138. 

2. Express v i and v t approximately in terms of v 0 , v v v v v 6 . 

3. Find a rational and integral function of x which, when 
x = 1, 2, 3, shall assume the respective values 4, 6, 10. 
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CHAPTER IV. 

FINITE INTEGRATION. 

1. The term integration is here used to denote the process 
by which, from a given proposed function of x> we determine 
some other function of wnicn the given function expresses the 
difference. 

Thus to integrate u t is to find a function v x such that 

Av x = u x . 

The operation of integration is therefore by definition the 
inverse of the operation denoted by the symbol A. As such 
it may with perfect propriety be denoted by the inverse form 
A" 1 . It is usual however to employ for this purpose a distinct 
symbol, 2, the origin of which, as well as of the term inte- 
gration by which its office is denoted, it will be proper to 
explain. 

One of the most important applications of the Calculus 
of Finite Differences is to the finite summation of series. 

Now let tip u v t! s , &c. represent successive terms of a series 
whose general term is ti x , and let 

v K =u a +u a+l +u a+% ...+ u x _ l (1). 

Then, a being constant so that u a remains the initial term, 
we have 

V^ll^U^* ... + U X _ X +U S (2). 

Hence, subtracting (1) from (2) 

Ar x = u x , .*. v x =A~ l u x . 

It appears from the last equation that A" 1 , applied to u m1 
expresses the sum of that portion of a series whose general 
term is which begins with any fixed term u a and ends 
with u^. On this account A -1 has been usually replaced by 
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the symbol 2, considered as indicating a summation or inte- 
gration. At the same time the properties of the symbol 2, 
and the mode of performing the operation which it denotes, 
or, to speak with greater strictness, of answering that question 
of which it is virtually an expression, are best deduced, and 
are usually deduced, from its definition as the inverse of the 
symbol A. 

For although, considering 2w« as defined by the equation 
tu m =u s _ l +u m ^...+u m (3), 

it may be regarded as denoting a direct and always possible 
operation, yet, considering it as defined by the equation 

2m»= A" 1 ^ (4), 

and as having for its object the discovery of some finite ex- 
pression of which the right-hand member of (3) constitutes 
the development, it is interrogative rather than directive 
(Differential Equations, p. 377); it sets before us an object of 
inquiry, but does not prescribe any mode of attaining that 
object And in fact our knowledge of the cases in which 
2w x admits of finite expression rests ultimately upon an exa- 
mination of the known results of the operation A, and a more 
or less direct reference of the form of the function u x to such 
results. 

Now one conclusion flows immediately from such reference 
to the effect of the operation A. It is that, whatever may be 
the form of u x , the complete expression for 2u x must contain 
an arbitrary constant, or, to speak more strictly, an arbitrary 
quantity which does not change when x changes to x+1, 
and which is therefore constant relatively to the kind of 
change denoted by the symbol A. For let v x be a particular 
form of Zu xi and let v x +w x be any other form, this assump- 
tion being sufficiently general to include all possible forms if 
w x is regarded as an arbitrary function of x, then 

Av x =u„ A(v x +w x )=u x . 

Hence 

A«>,= 0 (5). 

And this simply indicates that w x is a function of x which 
does not change when x is increased by unity. 
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Since w x is thus constant relatively to A, we may with 
propriety represent it by c, and term it a periodical constant. 
With this convention we are permitted to say ; If v x be a 
particular value of %u x , the complete value will be v x + c. 

The necessity of a periodical constant c to complete the 
value of %u x may also be established, and its analytical ex- 
pression determined, by transforming the problem of summa- 
tion into that of the solution of a differential equation. 

Let %u x = y, then y is solely conditioned by the equation 

ty = Ux, or, putting e^-l for A, by the linear differential 
equation 

(/-l)y = W , (6). 

Now, by the theory of linear differential equations, the 
complete value of y will be obtained by adding to any par- 
ticular value v x the complete value of what y would be, were 
u x equal to 0. Hence 

Xu x = v x + C x € m i* + + &c (7) , 

C v C r &c. being arbitrary constants, and m v m 2i &c. the dif- 
ferent roots of the equation 

€ w -l = 0 (8). 

Now all these roots are included in the form m = ± liirtj — 1, 
* being 0 or a positive integer. When i = 0we have w = 0, 
and the corresponding term in (7) reduces to a constant. But 
when i is a positive integer, we have in the second member 
of (7) a pair of terms of the form 

which, on making C+C' = A (1 (C- C) V — 1 = B t1 is re- 
ducible to A i cos 2i7r + B i sin 2/71-. Hence, giving to i all 
possible integral values, 

%u x = v x + C + A t cos 2ttx + A % cos iirx + A 9 cos fax + &c. , 

+ B x sin 2irx + B % sin kirx + B 9 sin 6to + &c (9) . 

The portion of the right-hand member of this equation 
which follows v x is the general analytical expression of a 
periodical constant as above defined, viz. as ever resuming the 
same value for values of x, whether integral or fractional, which 
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differ by unity. It must be observed that when we have to 
do, as indeed usually happens, with only a particular set of 
values of x progressing by unity, and not with all possible 
sets, the penodical constant merges into an ordinary, i.e. into 
an absolute constant. Thus, if a? be exclusively integral, (9) 
becomes 

2u x = v x + C+A^Ai + Ai + Slc. 

= v x + c, 

c being an absolute constant. 

It is usual to express periodical constants of equations of 
differences in the form <f> (cos 27ra, sin 2irx). But this nota- 
tion is not only inaccurate, but very likely to mislead. It 
seems better either to employ (7, leaving the interpretation to 
the general knowledge of the student, or to adopt the cor- 
rect form 

C + 2, (A { cos 2ittx + B i sin 2%irx) (10) . 

We shall usually do the former. 



Integrable Forms. 

2. Of integrable forms reducible under any general law, 
the following are the most important. 

1st Form. Factorial expressions of the form x(x — 1) ... 
(x — m+ 1). 

Adopting the notation of Chap. II. Art. 2, we have 

Ax lm + i} = (m + 1) x lm) ; 

(m+l) 

therefore Xx im) = — — + C, 

m + l 1 

or Sa;(a ? -l)...( a; -m + l)= a;(,g "" 1) - ( t a: ~ m) + a....(l). 
N x m + l w 

Thus also, if u 9 = ax + b, we have 

S^.-W-*£^+0 (*)• 

2nd Form. Rational and integral functions of a;. 
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For, by Chap. n. Art. 5, any such function is reducible to 
a series of factorials of the preceding form, each of which may 
be integrated separately. 

Ex. To determine 

By Chap. II. Art 5, 

A'0 m A 8 0 m 
*T = AQTx + ^~ x w + ^ *<»...+ a«. 

Therefore 

v m n AOTaP AW 81 A 8 0 m a: w „ 

+ — + 1 _ + + (3). 

In the same way we find for 2w x the general theorem 

Zu x = (7+ w 0 a? + Aw 0 — + A\ l + &c. 

which terminates when u x is rational and integral. 

There exists also another theorem which accomplishes the 
same end. We have 

Ux _ n = (1 + A)"X 

Let n = then 

w 0 = u x - ajAw, + g AX - &c. 

Therefore 

u x = « 0 4. a;Att x - AX + &c . 

Now this being true independently of the form of u xi wc 
are permitted to change u x into %u x . If we do this, and 
represent by G the value of 2w 0 , we have 

2 »,= c+^-^ri) A»,-h a!(a: 7^ ( ;- 2) Av- & c., 

the theorem in question. 

B. f. D. 4 
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It is obvious that a rational and integral function of x 
may also be integrated by assuming for its integral a similar 
function of a degree higher by unity but with arbitrary coeffi- 
cients whose values are to be determined by the condition 
that the difference of the assumed integral shall be equal 
to the function given. 

3rd Form. Factorial expressions of the form 



where u x is of the form ax + b. 

For by Chap. II. Art. 2, we have corresponding to the 
above form of u x 

1 — am 



U x U x+i • • • U x+m-i u x U x+i • • • U x+m 

Hence 2 - = (4). 

u 9 u x+l . . . u x+m am(u x u x „. . .u x ^ t ) K 

It will be observed that there must be at least two factors - 
in the denominator of the expression to be integrated. No 

finite expression for 2 — exists. 
r ax + b 

To the above form certain more general forms are re- 
ducible. 

Thus we can integrate any rational fraction of the form 

*(*) 



• • . 



u x being of the form ax + b, and <f> (x) a rational and integral 
function of a? of a degree lower by at least two unities than 
the degree of the denominator. For, expressing <j>(x) in 
the form 

<f> (x) = Au x + Bu x u^ x + Cujt^u^ . . . +Eu x u^ v . .u,^. 

A , B... being constants to be determined by equating coeffi- 
cients, or by an obvious extension of the theorem of Chap. II. 
Art. 5, we find 
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2 _£(*) =At 1 + £t 1 

u x u x+i • • • U x+m U x+i U x+t • • • W *+m 



... + E$ (5), 

and each term can now be integrated by (4). 

Again, supposing the numerator of a rational fraction to be 
of a degree less by at least two unities than the denominator, 
but intermediate factors alone to be wanting in the latter to 
give to it the factorial character above described, then, these 
factors being supplied to both numerator and denominator, the 
fraction may be integrated as in the last case. 

Ex. Thus u x still representing ax + b } we should have 



x 



= 2 °^±i , 



with the second member of which we must proceed as before. 

As all that is known of the integration of rational functions 
is virtually continued in the two primary theorems of (2) and 
(4), it is desirable to express these in the simplest form. 
Supposing then u^ — ax+b, let 

u x u x _ x . . . w x _ J>M . l = {ax + by m \ 
1 



then 



-(«* + &)<-», 



(ax 4- 

^^r^^^y+C (6), 



whether m be positive or negative. The analogy of this result 
with the theorem 



is obvious. 



r/ zn«7 (ax + b) m+l n 



4th Form. Functions of the form a*<f> {x) in which <f> (x) is 
rational and integral. 

4—2 



Jd by Google 



52 FINITE INTEGRATION. [CH. IV. 

Since Aa* = (a — 1) a*, we have 

a — l 

To deduce 2a* (x) we may now employ either a method of 
integration by parts or a symbolical method founded upon the 
relations between the exponential a* and the symbol A. 

To integrate by parts we have, 

since A = u x A v x + Au x , 

u x bv x = Ai^-v^Aw,, 

therefore 

%u x Av x = u x v x - St^ Aw. (7), 

the theorem required. Applying this we have 

2+(*) a'= 4, (x) — j -2 — j- A* (») 



= j<£ (a;) a* - a2a* A<£ (a) J . 



Thus the integration of a x <f>(x) is made to depend upon that 
of a x A<f> (x) ; this again will by the same method depend upon 
that of a x A*<f>(x), and so on. Hence <f>{x) being by hypothesis 
rational and integral, the process may be continued until the 
function under the sign 2 vanishes. This will happen after 
n + 1 operations if <f> (x) be of the 71 th degree ; and the integral 
will be obtained in finite terms. 

But the symbolical method above referred to leads to the 
same result by a single operation. 

By a known theorem 

But a x ^e eloga . Hence, changing in the above theorem m 
into log «, we have 
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&_ 

Now 2a* <f>(x) = (e* 5 — 1 )" l a x <\> (x) ; therefore by what precedes 
2a*tf> (x) = a' (e^ +loga - 1)" 1 ^ (x) 
= a' (a£ - I)" 1 <j> (x) 

= a* {a (1 + A) - (»), since e^=l + A, 

Hence developing the binomial, 

^*)=^{l-^ + ^.-&cj*(*). 

This however is only a particular value whicli must be com- 
pleted by the addition of an arbitrary constant. We finally 
get 

ta'<f> (x) 

+ C (8). 

The series within the brackets stops at the w to difference 
of <f> (x), supposing <f> (x) of the n th degree. 

5th Form. Functions of the forms 

cos (ax + b)<f> (x), sin (ax + b)<f> (x), 

where <j> (x) is rational and integral. 

Beginning as before with the case in which <j> (x) = 1, and 
observing that 

/ t \ ~ • # / , O + 7r\ 

A cos (ax + b) = 2 sin - cos [ax + b + — — 1 , 
A sin (ox + = 2 sin ^ sin (ax + 5 + » 
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we have 

^ / 7 a + 7r\ cos (ax + b) ~ 
2 cos (a* +5 + — = ■ — ^+ C, 



2sin- 



2 sin | 

Hence changing J into 3 — , we have 

cos [ax + o I 

2 cos (ax + b) = ^ — +C7 (9), 

_ • 

2 Sin- 



. / , a + 7r\ 
sin ( ax + £ — J 



2 sin (as + b) = — + G (10). 

28in - 

The values of 

2 cos (ax + b) <j> (x), 2 sin (ax + b) <f> (x) 7 

may now be obtained, either by integration by parts, or by 
expressing the trigonometrical functions in their exponential 
forms, applying the general theorem (8), and reducing the re- 
sults to a rational form. 

Thus also we might integrate any function of the form 
cos 

sin ^ aX ^ ^ m ^^ x )* or res °l vaD l e mto terms of this form. 

6 th. Miscellaneous Forms, When a function proposed for 
integration cannot be referred to any of the preceding forms, it 
will be proper to divine if possible the form of its integral 
from general knowledge of the effect of tne operation A, and 
to determine the constants by comparing the aifference of the 
conjectured integral with the function proposed. 

Thus since 

Aa*<f>(x) =a*i/r(:c), 
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where yfr (x) = a<f> (x + 1) — <f> (x) , it is evident that if <f> (x) be a 
rational fraction (x) will also be such. Hence if we had to 
integrate a function of the form a x yfr(x), yjr(x) being a rational 
fraction, it would be proper to try first the hypothesis that the 
integral was of the form a*<f>(x)> d>(x) being a rational frac- 
tion the constitution of which would be suggested by that of 

+ (*). 

Ex. Thus it may be conjectured that the integral of 

2* (x — 1) 2* 2* 

— K . : , if finite, will contain — as a factor. And — proves 

X \X L ] X X 

to be its actual value omitting the constant. 

Thus also, since A sin" 1 A tan" 1 0 (a;), &c, are of the 
respective forms sin" 1 ijr (x), tan" 1 ^ &c., yfr(x) being an 
algebraic function when <f>(x) is such, and, if tan" 1 be em- 
ployed, rational if <f>(x) be so, it is usually not difficult to 
conjecture what must be the forms, if finite forms exist, of 

2sin~ 1 i/r(x), 2 tan" 1 yfr (x), &c, 
yfr (x) being still supposed algebraic. 

Ex. Thus it will be found that tan" 1 5 is in- 

p + qx -t- rx 

tegrable in finite terms whenever the condition 

is satisfied. The result is 

2 tan" 1 — J- 5 « C + tan" 1 ?— - (11). 

p + qx + rx r — q—2rx v ' 

(Herschel's Examples, p. 58.) 

The above observations may be generalized. The operation 
denoted by A does not change or annul the functional cha- 
racteristics of the subject to which it is applied. It does not 
convert transcendental into algebraic functions, or one species 
of transcendental functions into another. And thus, in the 
inverse procedure of integration, the limits of conjecture are 
narrowed. In the above respect the operation A is unlike 
that of differentiation, which involves essentially a procedure 
to the limit, and in the limit new forms arise. 



Ex. Required 2 — 7 — —rr . 

* cos ax . cos a (x + 1) 
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The integral must be trigonometrical, and its factorial form 

shews that it must involve cos ax as a denominator. The 

r . tan ax ~ 

proper form is — V C. 

u r sm a 

Summation of Series. 

3. The application of the Calculus of Finite Differences to 
the summation of series has been already referred to in Art. 1. 
From what is there said it appears that to determine the sum 
of any portion of a series the general expression of whose terms 
is known, we must integrate the term which follows that por- 
tion, and determine the arbitrary constant by observing with 
what term the portion begins. 

Ex. Thus, to sum the series 1* + 2 2 + 3 2 ... + x* we must 
first integrate (x + l) 2 . 

Now 2 {x+l)* = ${l+Zx + x{x-l)} 

3x{x -l) x(x-l)(x-2) p 
= x+ - + 3 + °- 

To determine C we observe that when x = 1 the series is 
reduced to its first term 1. Hence 1 = 1+0, and therefore 
0=0. 

It is often more convenient to integrate the last term of that 
portion whose sum is required, thus obtaining the sum of the 
preceding terms, and then to add the last term to the result. 

Thus in the above example we should have 

l 2 + 2 2 + 3 2 ... + a? = 2^ + a; 8 

= x{x-\) x(x-l) (s-2) . 
2 + 3 

on determining the constant. 

It must always be carefully noted what is really the inde- 
pendent variable. Thus if the series be 

x ~t* x *4~ x ... + x , 

the true variable is n. Accordingly, 2„ denoting integration 
with respect to n, we have 

x a + x u + l ... + x n = $ H x n+l = x$ n x« 

+ 0. 
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To determine C we observe that when n = a the series re- 
duces its first term. Hence 

x — l 



x-i x-r 

and we have 

x' + x^.-. + x*;* , 

X ~~ 1 

the known expression. 

Ex. To sum the series 1*- 2* + 3*- 4*... ± x\ 
Here 2^ = 2 (- l)'(x + 1)*. 

Reducing by (8) Art. 2, we have finally 

Ill 1 

Ex. To sum the series — + —-+ tt-7 ••• + 



Here 2m, . . = 2 ; — - _ . 

* +1 (a;+l)(a;+3) 



1.3^2. 4^3. 5"" T *(a; + 2)' 

1 



_ v 



a?+2 



^(*+l)(x + 2)(a; + 3) 
\{x+l)(x + 2) (a> + 3)^ (a>+2) (* + 3)J 

= (7 _ i L_ 

2(a?+l) (» + 2) « + 2* 

When x = 1 the sum of the series is i , therefore (7 = 7 . 

o 4 

And on reducing 

- 3a? a +5a? # 

ZUx+l " 4(*+l) (a>+2) ' 
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4. When a series proceeds by powers of some quantity x, 
it frequently happens that its finite value can be obtained 
for some particular value of x, but not for any other value. 
The following is an illustration. 

Ex. To sum, when possible, the series 

kr + x? + + &c - to 71 terms w • 

n 2 x n 

The n to term, represented by w n , being , -r-, 

[n + ij \7i + 2 J 

we have 

**" x " (» + 1) (n + 2) + * (n + 1) (n + 2) W * 

Now remembering that the summation has reference to n, 
assume 

* (n + 1) (n+2) n+1 

Then, taking the difference, we have 

a?V _ n f a (n + 1) + & an + b \ 
(n + 1) (n + 2) _a? f n + 2 n+1 J 

__ w q(a;-l)n'+(2a+6)(a;-l)n+(q+&)3;-2& 

(n + 1) (n + 2) 

That these expressions may agree we must have 
a (x - 1) = 1 , (2a + h) (x - 1 ) = 0, (a + 5) a - 2b = 0. 
Whence we find 

1 A 2 

* = 4, a = -, * = --. 

The proposed series is therefore integrable if x = 4, and 
we have 

; 4".n* _ln-2 

* (n+1) (n + 2)~3n + r T 

Substituting in (6), determining the constant, and reducing, 
there results 
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1 8 .4 2 2 .4 a n 8 4* 4*+' n-1 2 M 

2T3 + 3T4 ,4, + (/i + l)(n + 2)~"3"-n + 2 + 3-^ 



Connexion of methods. 

5. The series discussed in the preceding article admit also 
of the method of treatment developed in the treatise on Dif- 
ferential Equations (p. 435), and it is very interesting to 
compare the modes in which the same conditions of finite 
algebraic expressionpresent themselves in solutions so totally 
distinct in form. The last example will serve as an illus- 
tration. 

If we make x = e°, the series (a) becomes 
l 2 . e 0 2^ n\ 



2.3 3.4 ' (» + l)(n + 2) 

(2>+l)(Z) + 2) (e * + - + ^ where D - 28 ' 



0 



(i> + l)(D + 2) 
= {1 + (D + 1)-- 4 (D + 2)"} 1^-^ . 

Effecting the integrations by means of the theorem 
(D + a)" 1 <f> (0) = e-* 6 D-\ €<* <f> {6) , 

and then restoring x, we have for the sum of the series the 
expression 

x n -l , 1 f'x^-Xj 4 (*x n "-x* , 

x + - / — ax — —3 I — cue. 

sc — 1 xj 0 x—1 arj 0 x — 1 

Now let cc = 4. Then substituting 4 for x in the terms 
without the sign of integration and in the upper limit, we 
have 

3 + 4j 0 x-l 4j 0 x-l 
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, 4"-l , 1 f x n "- x-x*«+a? 7 

= 4 — 5 — + T[ X — l 

The integration can now be effected, and we have as the 
result 

_ 4* +i n - 1 2 
~T~ w + 2 + 3* 

as before. 

But what is the ground of connexion between the two 
methods ? 

It consists in the law of reciprocity established by the 
theorem of Chap. n. Art. 11, viz. 



4>{t) and -ty(t) being functions developable by Maclaurin's 
theorem, and t being made equal to 0 after the implied opera- 
tions are performed. 

To establish this let the proposed series be 

0(a) + 0(a + l) + 0(a + 2)...+0(n). 
Its corrected value found by the method of this chapter is 

20 (n + 1) -20(a), 

the summation having reference to n in the first and to a in 
the second term. 

Its value found by the other method is 

*©«"+""■■• to.- 

where, after the implied operation, e* = 1 and therefore t = 0. 
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Now by the law of reciprocity, as t = 0, 

= (€»-l)^{0(* + n + l)-0(* + a)} 

= (/»-l)- 1 (/>(^4-n+l)-(e^-l)- , </)(^-h2), 

since < is connected with 7i in the one term and with a in the 
other by the sign of addition. And now, making t = 0, the 
expression reduces to 

20(» + l) -20(a), 
which agrees with the previous expression. 

Conditions of extension of direct to inverse forms, 

6. From the symbolical expression of 2 in the forms 

l)" 1 , and more generally of 2" in the form (e 5 *— 1)"*, 
flow certain theorems which may be regarded as extensions 
of some of the results of Chap. il. To comprehend the true 
nature of these extensions the peculiar interrogative character 

d 

of the expression (€ dx —l)~ n u x must be borne in mind. Any 
legitimate transformation of this expression by the develop- 
ment of the symbolical factor must be considered, in so far 
as it consists of direct forms, to be an answer to the question 
which that expression proposes ; in so far as it consists of 
inverse forms to be a replacing of that question by others. 
But the answers will not be of necessity sufficiently general, 
and the substituted questions if answered in a perfectly un- 
restricted manner may lead to results which are too general. 
In the one case we must introduce arbitrary constants, in the 
other case we must determine the connecting relations among 
arbitrary constants ; in both falling back upon our prior 
knowledge of what the character of the true solution must be. 
Two examples will suffice for illustration. 

Ex. 1. Let us endeavour to deduce symbolically the ex- 
pression for 2w„ given in (3), Art. 1. 
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Now Xu x = (e S - l)" 1 U x 

-± - 2 £ 

= (€ dX +&C.)u K 

= + u^_ % + ... H- &c. 

Now this is only a particular form of Xu x corresponding 
to a = — co in (3). To deduce the general form we must 
add an arbitrary constant, and if to that constant we assign 
the value 

-(wo-i + w^... +&c.), 
we obtain the result in question. 

Ex. 2. Let it be required to develope %u x v s in a series 
proceeding according to zv x , 2*t?„ &c. 

We have 

2u x v x = (DD'-l)- l u x v tf 

D referring to x only as entering into u x) D' to x only as 
entering into v x . 

Now Z)' = A' + 1, therefore 

Su K v 9 =(DA' + D-iru K v 9 

= (DA' + Aru x v x 

= (ZTA'- 1 - 2r*A^A + JTA^A 8 - &c.) u 9 v x 

— u^^Vg — Att^SV, + Afy^ 8 %*v x - &c, 

the theorem sought. 

In applying this theorem, we are not permitted to introduce 
unconnected arbitrary constants into its successive terms. If 
we perform on both sides the operation A, we shall find that 
the equation will be identically satisfied provided A% n u M in any 
term is equal to S n ~ x u x in the preceding term, and this imposes 
the condition that the constants in % n ~ l u x be retained with- 
out change in % n u x . And as, if this be done, the equation will 
be satisfied, it follows that however many those constants may 
be, they will effectively be reduced to one. Hence then we 
may infer that if we express the theorem in the form 

tu 9 v x = C+u^ $v s - Atv, t\ + AV, Vv m (1), 
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we shall be permitted to neglect the constants of integration, 
provided that we always deduce % n v x by direct integration of 
the value of 2" _1 v x in the preceding term. 

If u x be rational and integral, the series will be finite, and 
the constant C will be the one which is due to the last inte- 
gration effected. 

EXERCISES. 

1. Find by integration the sum of the series 

l a + 2 8 + 3 2 ...+ 10'. 

2. Sum the series 

5 8 , 11 „ 

+ 1— T~, -x— r + &c. to x terms. 



2.3.4.5 3.4.5.6 4.5.6.7 

3. Sum the series 

1*.4 2*. 4* 3 2 .4 8 4\4* „ . , 

n + TT + n-+7T + &c ' to* terms. 
2.3 3.4 4.5 o.b 

4. Prove that 

l 8 + 2 8 + 3 8 ... + x '= (1 + 2 ... +sc) 2 . 

5. Sum the series 

1 + a cos 0 + a 8 cos 20 ... + a*" 1 cos (x — 1) 0. 

6. The successive orders of figurate numbers are defined 
by this, viz. that the x th term of any order is equal to the sum of 
the first x terms of the order next preceding, while the terms 
of the first order are each e<jual to unity. Hence, shew that 
the X th term of the 71 th order is 

x(x+ 1) (a? 4- 2) ... (a;4-n-2) 
1.2... (n-1) 

7. It is always possible to assign such values of $, real or 
imaginary, (being the roots of an equation of the 71 th degree) 
that the function 

(q + &x + yx* . .. + vx n ) s x 
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shall be integrable in finite terms, o, £, ... v being any con- 
stants, and u x of the form ax + b. (Herschel's Examples of 
Finite Differences, p. 47.) 

8. Sum the series 

1 1 1 1 „ 

~ — 7T H — : — + ~ — ~rh ^— + to x terms, 
sin 0 sin 20 sin 40 Bin 80 

9. Demonstrate the following expression (different from 
that of Art. 6) for 2w,i? x , viz. 

2w, v x = u x %v x — At^S*^ + A^S 3 ^, - &c., ad inf. 

10. Prove the more general theorem 
X n u x v x = w,2"v, - nAtt,2" + V, +1 

+ n -^^- AX2^ - &c., ad inf 

11. Prove the theorem 

2m, = C+xu^ j-y-^ Au^ 



, a(aj-l) (a? -2) A2 » , . - 
1 23 *" 8 ~ ' ^ 



12. Expand %<j> (x)cos 2mx in a series proceeding accord- 
ing to the differences of <j>{x). 
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CHAPTER V. 



CONVERGENCY AND DIVERGENCY OP SERIES, 

1. A series is said to be convergent or divergent accord- 
ing as the sum of its first n terms approaches or does not 
approach to a finite limit when n is indefinitely increased. 

This definition leads us to distinguish between the con- 
vergency of a series and the convergency of the terms of a 
series. The successive terms of the series 

„ 1.1 1 1 * 

1 -4 1 1 \- &C 

converge to the limit 0, but it will be shewn that the sum 
of n of those terms tends to become infinite with n. 

On the other hand, the geometrical series 

, 1111- 

H u & c . 

2 T 4 8 16 

is convergent both as respects its terms and as respects the 
sum of its terms. 

2. Two cases present themselves. 1st. That in which 
the terms of a series are all of the same or are ultimately all 
of the same sign. 2ndlv. That in which they are, or ulti- 
mately become, alternately positive and negative. The latter 
case we propose, on account of the greater simplicity of its 
theory, to consider first. 

Prop. I. A series whose terms diminish in absolute value, 
and are, or end with becoming, alternately positive and negative, 
is convergent. 

Let u t — w a + u s — m 4 + &c. be the proposed series or its 

B. F. D. 5 
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terminal portion, the part which it follows being in the latter 
case supposed finite. Then writing it in the successive forms 

u t - w « + ( w s - «0 + ( u b - w a) + &c (*)> 

u i ~ i u t - «0 - K - u t) - &c ( 2 )> 

and observing that u x - «■„ w 9 — w 8 , &c. are by hypothesis 
positive, we see that the sum of the series is greater than 
u x — u t and less than u x . The series is therefore convergent. 

Ex. Thus the series 

tends to a limit which is less than 1 and greater than \ . 

3. The theory of the convergency and divergency of series 
whose terms are ultimately of one sign and at the same time 
converge to the limit 0, will occupy the remainder of this 
chapter and will be developed in the following order. 1st. A 
fundamental proposition due to Cauchy which makes the test 
of convergency to consist in a process of integration, will be 
established. 2ndly. Certain direct consequences of that pro- 
position relating to particular classes of series, including the 
geometrical, will be deduced. 3rdly. Upon those conse- 
quences, and upon a certain extension of the algebraical 
theory of degree which has been developed in the writings of 
Professor De Morgan and of M. Bertrand, a system of criteria 
general in application will be founded. It may be added 
that the first and most important of the criteria in question, 
to which indeed the others are properly supplemental, being 
founded upon the known properties of geometrical series, 
might be proved without the aid of Cauchy's proposition ; 
but for the sake of unity it has been thought proper to ex- 
hibit the different parts of the system in their natural rela- 
tion. 

Fundamental Proposition. 

4. Prop. If the function <f>{x) be positive in sign but 
diminishing in value as x varies continuously from a to co , 
then the series 

<j>(a) + <f>(a + 1) + 2) + &c, ad inf. (3). 
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will be convergent or divergent according as j <f>(x) dx is fin ite 
or infinite. 

For since <j>(x) diminishes from x — a to rc = a + l, and 
again from x = a+l to x = a + 2 } &c., we have 



r 

i. 



<f>(x) dx<<f>(a), 



a 
o+2 



<j> (x) dx < <f> (a + 1), 

and so on, ad inf. Adding these inequations together, we 
have 



a 

o+8 



<l>(x)dx<<f>(a) + 1) ... +&c. ad t7i/....(4). 

Again, by the same reasoning, 

i 

(f>(x) dx> £(a + l), 

2 

<f>(x) dx> <j>(a + 2), 
and so on. Again adding, we have 

4>(x)dx><l>(a + l) + <£(a + 2) ... + &c (5). 

/•CO 

Thus the integral I </>(x)dx, being intermediate in value 
between the two series 

£(a) + <£(a + l) + <£(a + 2) ... 
<£(a + l) + £(a + 2) ... 



r. 



which differ by 0(a), will differ from the former series by a 
quantity less than <j>{a), therefore by a finite quantity. Thus 
the series and the integral are finite or infinite together. 



Cor. If in the inequation (5) we change a into a — 1, and 
compare the result with (4), it will appear that the series 

£ (a) + <f> (a + 1) + </> (a + 2) ... ad infi 



s 
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has for its inferior and superior lim its 

j <f> (x) dx, and j <f>{x)dx (6). 

The application of the above proposition will be sufficiently 
explained in the two following examples relating to geome- 
trical series, and to the other classes of series involved in the 
demonstration of the final system of criteria referred to in 
Art. 3. 

Ex. 1. The geometrical series 

1 + £ + A 3 + &c. ad inf. 

is convergent if h < 1, divergent if h > 1. 

The general term is k x , the value of x in the first term being 
0, so that the test of convergency is simply whether j h'dx 
is infinite. Now 



If h > 1 this expression becomes infinite with x and the 
series is diverging. If h < 1 the expression assumes the finite 

vame _Z_ . The series is therefore converging. 

If h =s 1 the expression becomes indeterminate, but, pro- 
ceeding in the usual way, assumes the limiting form xh x 
which becomes infinite with x. Here then the series is 
diverging. 

Ex. 2. The successive series 

1 1 1 - 

a m+ (a+l) m+ (a + 2) w + &C ' 



1 1 o 

a(logar + (a + l){log(a+l)r + <KC * 

1 , 1 +&c 

a loga (log log a) m + (o+l) log (a+1) ;ioglog(a+l)| m 



(7), 
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a being positive, are convergent if m>\, and divergent 

if 771 ^ 1. 

The determining integrals are 

rdx r dx r dx 

J a x my J a x(\ogx) my J 0 a;logx(loglogx) w ' 

and their values, except when m is equal to 1, are 

a^W™ poga^-flogq)'-* (log1oga?) 1 ^-(lo g lo g q) t - 
I —m ' 1 — m 1—771 

in which x = oo . All these expressions are infinite if ttj be 
less than 1, and finite if m be greater than 1. If m — 1 the 
integrals assume the forms 

log x-log a, log log :r-log log a, logloglog aj-log log log a &c. 

and still become infinite with x. Thus the series are con- 
vergent if 77t > 1 and divergent if m ^ 1. 

5. Perhaps there is no other mode so satisfactory for 
establishing the convergencv or divergency of a series as the 
direct application of Cauchy's proposition, when the inte- 
gration which it involves is possible. But, as this is not 
always the case, the construction of a system of derived rules 
not involving a process of integration becomes important. To 
this object we now proceed. 

First derived Criterion. 

Prop. The series u 0 + w, + u r . . ad inf., all whose terms are 
supposed positive, is convergent or divergent according as the 
u 

ratio -2* tends, when x is indefinitely increased, to a limiting 

value less or greater than unity. 

Let h be that limiting value; and first let h be less than 1, 
and let k be some positive quantity so small that h + k shall 

also be less than 1. Then as tends to the limit h, it is 
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possible to give to x some value n so large, yet finite, that for 

u 

that value and for all superior values of x the ratio shall 

lie within the limits h + k and h — Jc. Hence if, beginning 
with the particular value of x in question, we construct the 



three 3eries 



u n +{h + k)u n +(h + kyu n + &c. | 

ttn + tt^! + +&c. [ (8), 

u n + (h - k) u n +(h- kfu n + &c. 



each term after the first in the second series will be inter- 
mediate in value between the corresponding terms in the first 
and third series, and therefore the second series will be 
intermediate in value between 



and 



l~{h+k) l-(h-k) ' 

which are the finite values of the first and third series. And 
therefore the given series is convergent. 

On the other hand, if A be greater than unity, then, giving 
to k some small positive value such that h — k shall also 
exceed unity, it will be possible to give to x some value n so 

large, yet finite, that for that and all superior values of x f 



shall lie between h + k and h — k. Here then still each term 
after the first in the second series will be intermediate between 
the corresponding terms of the first and third series. But 
h + k and h—k being both greater than unity, both the 
latter series are divergent (Ex. 1). Hence the second or 
given series is divergent also. 

Ex. 3. The series 1 + * + —+__ + &c, derived 
from the expansion of e', is convergent for all values of t. 
For if 



1.2...*' *" 1.2... (x + 1) ' 
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t 



then ^ = 

tf_ CC + 1 

- 

and this tends to 0 as a? tends to infinity. 

Ex. 4. The series 
, , <*, , «(« + !) , o(g + l) (a + 2) , 

is convergent or divergent according as t is less or greater 
than unity. 

H a(a + l) (a + 2) ... (o + s-l) ^ 

nere w * + p + 2 ) ... + r ' 

Therefore ^ = £±^, 

and this tends, a? being indefinitely increased, to the limit t. 
Accordingly therefore as t is less or greater than unity, the 
series is convergent or divergent. 

If t — 1 the rule fails. Nor would it be easy to apply 
directly Cauchy's test to this case, because of the indefinite 
number of factors involved in the expression of the general 
term of the series. We proceed, therefore, to establish the 
supplemental criteria referred to in Art. 3. 

Supplemental Criteria, 

6. Let the series under consideration be 

u a + u^ x + Wa+a + ... ad inf. (10), 

the general term u x being supposed positive and diminishing 
in value from x = a to x = infinity. The above form is 
adopted as before to represent the terminal, and by hypothesis 
positive, portion of series whose terms do not necessarily begin 
with being positive; since it is upon the character of the 
terminal portion that the convergency or divergency of the 
series depends. 

It is evident that the series (10) will be convergent if its 
terms become ultimately less than the corresponding terms 
of a known convergent series, and that it will be divergent 



Digitized by Google 



72 CONVEEGENCY AND DIVERGENCY OF SERIES. [CH. V. 

if its terms become ultimately greater than the corresponding 
terms of a known divergent series. 

Compare then the above series whose general term is u 9 with 

the first series in (7), Ex. 2, whose general term is -4 . Then 

x m 

a condition of convergency is 

m being greater than unity, and a: being indefinitely increased. 
Hence we find 

- 1 

•\ m loga < log -i- : 

log a; 

and since m is greater than unity 



w ->i. 



log a; 

On the other hand, there is divergency if 



x being indefinitely increased, and m being equal to or less 
than 1. But this gives 



J og i 

m > I m 

Logx 

and therefore 

log± 
logo? 



Digitized by Google 



ART. 6.] CONVERGENCY AND DIVERGENCY OP SERIES. 73 

It appears therefore that the series is convergent or divergent 

l ° 9 u 

according as, x being indefinitely increased, the function ^ ^ 
approaches a limit greater or less than unity. 

But the limit being unity, and the above test failing, let 
the comparison be made with the second of the series in (7). 
For convergency, we then have as the limiting equation, 

1 



u, 



x (log x) 



m » 



m being greater than unity. Hence we find, by proceeding 
as before, 

log — 



log log 



!tt * >1. 



X 



And deducing in like manner the condition of divergency, we 
conclude that the series is convergent or divergent according as, 

log 

xu 

x being indefinitely increased, the Junction ^ tends to 

a limit greater or less than unity. 

Should the limit be unity-, we must have recourse to the 
third series of (7), the resulting test being that the proposed 
series is convergent or divergent according as, x being indefinitely 

increased, the function ^ ^]^\^x ietl ^ s *° a greater 
or less than unity. 

The forms of the functions involved in the succeeding tests, 
ad inf., are jnow obvious. Practically, we are directed to 
construct the successive functions, 

zl *J_ i 1 1 1 



xlxu x xlxlhcu x o /.V 

Hz* hit 1 mix > &c {A) > 



u K xu x 



and the first of these which tends, as a? is indefinitely increased 
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to a limit greater or less than unity, determines the series to 
be convergent or divergent. 

The criteria may be presented in another form. For 

representing — by <f> (x), and applying to each of the functions 
u a 

in (A), the rule for indeterminate functions of the form — , 
we have 



l<f>(x) = . 1 = sf (a?) 

Ix <f> (x) ' x " <f> (x) 1 

l $ (x) 



X 



(+'(*) 



<f>(x) x) ' x log X 

and so on. Thus the system of functions (A) is replaced by 
the system 

(s) j (x) A 
*(*) ' 4>(x) X p 

It was virtually under this form that the system of functions 
was originally presented by Prof. De Morgan, [Differential 
Calculus, pp. 325—7). The law of formation is as follows. 
If P n represent the 71 th function, then 

P^ = l"x(P n -l) (11). 

7. There exists yet another and equivalent system of de- 
termining functions which in particular cases possesses great 
advantages over the two above noted. It is obtained by sub- 
stituting in Prof. De Morgan's forms — — 1 for ~r-pr . The 

u x+i > Y \ x ) 

lawfulness of this substitution may be established as follows. 



Since u a = -ri~\ > w © have 

y ( x ) 
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*« . 1== fl(*+l) 1 

4>(x+i)-4>(x) 
#(*) 

Now by a known theorem on the limits of Taylor's series, 

+ (x + 0), 

6 being some quantity between 0 and 1. Hence 

u t l _ 4>'(x + 6) 
u *+i tf> 0*) 

__ 4>{ x ) <f>'(x+0) / 15 v 

*(*) *» 1 J * 

Now ^ fpfaP ^as 1 *° r limiting value ; for, since u m 

by hypothesis converges to 0 as a; is indefinitely increased, 

<f> (x) tends to become infinite, and therefore ^ assumes 

<f>{x) 

the form — ; therefore 

4>(x + 6) = 4>'(x + 6) 

But the first member has for its limits an< * 

rVV > 1 and . an d the latter ratio tends to 

t( x ) <t>( x ) 
unity as a; is indefinitely increased, since by hypothesis 

^ tends to that limit. Hence ^feM tends to the limit 1. 
u x <j> (x) 

Thus (12) becomes 

Substituting therefore in (B), we obtain the system of 
functions 
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& [ l "K£;- 1 )- 1 }] to 

the law of formation being still = Vx (P n - 1). 

8. The results of the above inquiry may be collected into 
the following rule. 

RULE. Determine first the limiting value of the function 
~ . According as this is less or greater than unity the series 

X 

is convergent or divergent 

But if that limiting value he unity, seek the limiting values 
of whichsoever is most convenient of the three systems of func- 
tions (A), (B), (C). According as, in the system chosen, the 
first^ Junction whose limiting value is not unity, assumes a 
limiting value greater or less than unity, the series is conver- 
gent or divergent, 

Ex. 5. Let the given series be 

1 + 4-+4+4+&C (13). 

2 s 3 5 4* 



Here w» = -^r, therefore, 



x" 

u z+l x" x * 



• (*+ir i (s+i) •« 

and x being indefinitely increased the limiting value is unity. 

Now applying the first criterion of the system (A), we 
have 

u x X x + 1 

Ix Ix ~x~ f 

and the limiting value is again unity. Applying the second 
criterion in (A), we have 

xu T Ix 9 Ix 



llx Ux xllx' 
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the limiting value of which found in the usual way is 0. 
Hence the series is divergent. 

Ex. 6. Resuming the hypergeometrical series of Ex. 4, viz. 

I t a f + a ( a + l ) a , q(a+l)(a + 2) ^ , , 
+ b + TJb + Tj + T(6TTH6 + 2) f + (14), 

we have, in the failing case of t= 1, 

a(a + \) ... (a+x-1) 
U *~~ b(b + l) ,..{b + x-l) " 



a + a; 



Therefore 
and applying the first criterion of (C), 

which tends to the limit b — a. The series is therefore con- 
vergent or divergent according as J -a is greater or less than 
unity. 

If b - a is equal to unity, we have, by the second criterion 
of (C), 

l W« / J 1 a + x J 



a + x* 



since J — a = 1. The limiting value is 0, so that the series is 
still divergent. 

It appears, therefore, 1st, that the series (14) is convergent 
or divergent according as t is less or greater than 1 ; 2ndly, 
that if t = l the series is convergent if b — a>l, divergent 



if b — a < 1. 



9. The extension of the theory of degree referred to in 
Art. 3, is involved in the demonstration of the above criteria. 
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When two functions of x are, in the ordinary sense of the 
term, of the same degree, i. e. when they respectively in- 
volve the same highest powers of x, they tend, x being 
indefinitely increased, to a ratio which is finite yet not equal 
to 0 ; viz. to the ratio of the respective coefficients of that 
highest power. Now let the converse of this proposition be 
assumed as the definition of equality of degree, i.e. let any 
two functions of x be said to be oi the same degree when 
the ratio between them tends, x being indefinitely increased, 
to a finite limit which is not equal to 0. Then are the 
several functions 

x (lx) m , xlx (llx) m , &c., 

with which — or <f> (x) is successively compared in the de- 

monstrations of the successive criteria, so many interposi- 
tions of degree between x and x t+a , however small a may 
be. For x being indefinitely increased, we have 

r x(lx) m r x(lx) m . 

lim-^-=oo, hm-^-=0, 

xlx (llx) m _ y xlx (llx) m _ 
m xlx ~ 00 ' im aP" ~ ' 

so that, according to the definition, x (lx) m is intermediate in 
degree between x and xlx (llx) m between xlx and 

x (&c) 1+0 , &c. And thus each failing case, arising from the sup- 
position of m = 1, is met by the introduction of a new function. 

It may be noted in conclusion that the first criterion of the 
system (A) was originally demonstrated by Cauchy, and the 
first of the system (C) by Raabe ( Crelle, Vol. IX.). foertrand*, 
to whom the comparison of the three systems is due, has de- 
monstrated that if one of the criteria should fail from the 
absence of a definite limit, the succeeding criteria will also 
fail in the same way. The possibility of their continued 
failure through the continued reproduction of the definite 
limit 1, is a question which has indeed been noticed but ha3 
scarcely been discussed. 

• Liouville'i Journal Tom. vh. p. 35. 
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EXERCISES. 

1. Find, by an application of the fundamental proposition, 
Art. 4, two limits of the value of the series 

h + ^Tx + ^Ti + ^ + &c - **** 

In particular shew that if a = 1, the numerical value of the 

series will lie between the limits - and - . 

2 4 

2. The series a? ~"^f+^' — + ( ^ c * * s convergent if x is 

equal to or less than unity, divergent if as is greater than 
unity. 

3. Prove, from the fundamental proposition, Art. 4, that 
the two series 

<£(l)+<£(2) +£(3) + &c. adtnf ) , . 

<f> (1) + m(f> (m) + m*<j> (w 2 ) + &c. ad inf.) ' ° ^ ' 

are convergent or divergent together. 

4. The hypergeometricai series 

1+ ^ X + c(c + l)rf(rf + l) +& 
is convergent if a: < 1, divergent if a; > 1. 

If a; = l it is convergent if c + d — a — b>l t divergent if 
c + d — a — b < 1. 

5. The series 1 + 2* + ^ + ^ + &c. is convergent if 
b > 1, divergent if b < 1. 
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CHAPTER VI. 

THE APPROXIMATE SUMMATION OP SERIES. 

1. It has been seen that the finite summation of series 
depends upon our ability to express in finite algebraical terms, 
the result of the operation 2 performed upon the general term 
of the series. When such finite expression is beyond our 
powers, theorems of approximation must be employed. And 
the constitution of the symbol 2 as expressed by the equation 

2 = (e£-l)-\..(l), 

renders the deduction and the application of such theorems 
easy. 

Speaking generally these theorems are dependent upon the 

development of the symbol 2 in ascending powers of -y- , or, 

under particular circumstances, in ascending powers of A. 
Hence two classes of theorems arise, viz. 1st, those which 
express the sum of a series whose general term is given, by 
a new and rapidly convergent series proceeding according to 
the differential coefficients of the general term, or to the 
differential coefficients of some important factor of the general 
term ; 2ndly, those which differ from the above only in that 
differences take the place of differential coefficients. The 
former class of theorems is the more important, but examples 
of both and illustrations of their use will be given. 

2. Prop. To develope 2w s in a series proceeding by the 
differential coefficients ofu x . 

L ± 
Since 2w, = (e** - l)" 1 w„ we must expand in 

ascending powers of and the form of the expansion will 
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be determined by that of the function (e* — For sim- 
plicity we will first deduce a few terms of the expansion and 
afterwards determine its general law. Now 

('-*>-- f ? 1 ? — - 

< + - + + + &c. 

on actual division. Hence replacing * by ~ and restoring 
the subject w r , we have 

= O --„,+-_*- — w + &c (2). 

For most applications this would suffice, but we shall proceed 
to determine the law of the series. 

The development of the function (e* — l)" 1 cannot be directly 
obtained by Maclaurin's theorem, since, as appears from (1), 
it contains a negative index; but it may oe obtained by 
t 

expanding -7— - by Maclaurin's theorem and dividing the 
result by t. 

Referring to (1) we see that the development of -j-^ will 

have —\t for its second term. It will now be shewn that 
this is the only term of the expansion which involves an odd 
power of t. Let 

7ZI — *•+* 

R being the sum of all the other terms of the expansion. 
Then 

B. f. d. 6 
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t t 

t / + e" g 

and as this does not change on changing t into - 1, the terms 
represented by R contain only even powers of t. 

Now if for the moment we represent e* — 1 by 0, we have 
t _log(l + fl) 0 6> 6F 
^-1" 6 ~ l 2 + 3 

= 1 _^ + (f^i)!_(!^)' + &c (3 ). 

But by the secondary form of Maclaurin's theorem, Chap. n. 
Art. 11, 

(e* - 1)" = -=r ^ + -i * + i ^ + &c, 

«1 w+l| ra + 2| 

A n 0 w 

in which the coefficient of T is . Hence the coefficient 

m J 

of f in (3) is 

i= Jo" - J A0 m + J A 8 0 m ... + t-^" A m O m l (4), 

m \ ( f» + 1 J 

since A^O™ vanishes when n is greater than m. It is to be 
noted that when m = 0 we have 0 m = 1 and m\ = 1. 

The expression (4) determines in succession all the coeffi- 
cients of the development of t^e'—l)' 1 in ascending powers 
of t. It must therefore, and it will, vanish when m receives 
any odd value greater than 1. 

From these results we may conclude that the development 
of (e*- l)" 1 will assume the form 

(e' - 1)-* = 4± + A. + A x t + A/ + Af + &c (5), 

where in general A^ x is expressed by (4). 
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It is however customary to express this development in the 
somewhat more arbitrary form 

The quantities B v B a , &c. are called Bernoulli's numbers, 
and their general expression will evidently be 

*~ = (" IP {- iAO"+ JA'O- ... + (7). 

Hence we find 

2«,= C + / U ^-K + fj£-^SF + &c (8). 

Or, actually calculating a few of the coefficients by means of 
the table of the differences of 0 given in Chap. II., 



tu a =C + fu x dx-^u x + 



1 du z 1 d*u a 
12~dx 720 dx* 



1 d?u M f . 
+ 30240 W [ h 



3. Before proceeding to apply the above theorem a few 
observations are necessary. 

Attention has been directed {Differential Equations , p. 376) 
to the interrogative character of inverse forms such as 

The object of a theorem of transformation like the above is, 
strictly speaking, to determine a function of x such that if we 
perform upon it the corresponding direct operation (in the 

above case this is €** — 1) the result will be u x . To the in- 
quiry what that function is, a legitimate transformation will 
necessarily give a correct but not necessarily the most general 
answer. Thus C in the second member of (8) is, from the 
mode of its introduction, the constant of ordinary integration ; 
but for the most general expression of Xu x C ought to be a 

6—2 
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periodical quantity, subject only to the condition of resuming 
the same value for values of x differing by unity. In the 
applications to which we shall proceed the values of x in- 
volved will be integral, so that it will suffice to regard C as 
a simple constant. Still it is important that the true relation 
of the two members of the equation (8) should be understood. 

The following table contains the values of the first ten of 
Bernoulli's numbers calculated from (7), 

n _i?L 7? -I 7? 3617 
^"~2730' u "6' 510 ' 

_ 43867 1222277 . . 

M ~~ 798 1 » " 2310 1 ; * 

It will be noted that they are ultimately divergent. It can 
seldom however be necessary to carry the series for Sw, further 
than is done in (9), and it will be shewn that the employment 
of its convergent portion is sufficient. 



Applications. 

4. The general expression for Su x in (9), Art. 2, gives us 
at once the integral of any rational and entire function of x. 

Ex. 1. Thus making u x = x*, wc have 

J 2 + 12 dx 720 dx' 

X^ X X X 

5 ~ 2 + 3~~30 ' 

But the theorem is of chief importance when finite sum- 
mation is impossible. 



Ex. 2. Thus making u a = ^ , we have 
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x 2x 4+ 12UV 720 \ x> J <KC * 

_ r 1 __J 11 . 

~°""a; 2a? 8 Ga^O;* 5 ^ 

The value of G must be determined "by the particular con- 
ditions of the problem. Thus suppose it required to determine 
an approximate value of the series 

111 ,_L_ 

Now by what precedes, 

111 1 ^ 1 1 1.1 o 

p + 2 * + 3i- + (*._!)■- 0 a; 2s 8 6a 8 + 30a? 6 1 ° LC ' 

Let a? = 00 , then the first member is equal to — by a known 

theorem, while the second member reduces to C. Hence 

± J_ 1 _tt 8 1 1 1_ 1 

l 9 + 2 s, "* + (a7^T)*~ 6 x 2x* 6aj 8 + ^ 8,&C * 



and if x be large a few terms of the series in the second 
member will suffice. 

5. When the sum of the series ad inf. is unknown, or is 
known to be infinite, we may approximately determine C by 
giving to x some value which will enable us to compare the 
expression for %u x in which the constant is involved with the 
actual value of %u x obtained from the given series by addition 
of its terms. 

Ex. 3. Let the given series be 1 + ^ + 1 ... + ^ . 

Kepresenting this series by w, we have 
1 ^1 

X X 

= I + c+ lo gaj _i_J ?+il L_ + &c. 

= c+lo s* + 2 Vii? + ii?' 
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To determine C, assume x = 10, then 

1 + + — = <7+W 10 + — + — + &c. 

^ 2 T 3 10 g< 20 1200 1200000^ 

Hence, writing for log, 10 its value 2*30258, we have 
approximately C = -577215. Therefore 

u = -577215 + log, x + J- - * 4 - &c. 

6€ 2a? 12a? 120x 4 

Ex. Kequired an approximate value for 1 . 2 . 3 ... x. 

If u = 1 . 2 . 3 ... x, we have 

log u = log 1+ log 2 + log 3 ... + log a- 
= log a- + 2 log a-. 

But 2 loga- = G+ jlogxdx — i log a? 

R dlo^x ff, <F log a- „ 
+ 1.2 <fc 1.2.3.4 da* 

= a+(a J -i)loga ? -a: + ^-- 3 ^ + ^ g -&c.; 

/. logw= C+ (x + ^ log a- - x + - &c. (11). 

To determine C, suppose x very large and tending to 
become infinite, then 

log (1 . 2 . 3 ... x) = (7+ (x + ^ log a? — x, 

whence 

l^^.-.a-^e^xaf** (12), 

1 . 2 . 3 ... 2a- = c 0 -* 5 x (2a:)** 1 (13). 

But, multiplying (12) by 2*, 

2.4.6...2a? = 2*€ c ~*xa- e4 * (14). 
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Therefore, dividing (13) by (14), 

3.5.7... (22 - 1) = 2*** e^af, 

, 2. 4. 6. ..22 e c x* 

whence ; r = — r— . 

3.5.7... (22-1) 2* 

But by Wallis's theorem, x being infinite, 

2.4.6 ... (2a;-2) */(2x) 



-M 



3.5.7 ... (22-1) 
whence by division 

.*. C = log V(27r). 

And now, substituting this value in (11) and determining u f 
we find 

W = V(27r)x2^X6^"^ + &a 

= V(27T2). 2*. 6^"^ +&C " (15), 

1 1 *a 



If we develope the factor e 12x 860x8 in descending pow- 
ers of 2, we find 

(1 1 139 \ 

1 + l^ + 2^-51840? + &C 'J 

(16). 

Hence for very large values of x we may assume 

1.2.3 ...2= </(2irx) (17), 

the ratio of the two members tending to unity as x tends to 
infinity. And speaking generally it is with the ratios, not 
the actual values of functions of large numbers, that we are 
concerned. 

6. Yet even in cases in which the value of x involved is 
not only large but infinite, it may be necessary to take ac- 
count of terms involving negative powers; just as in the 
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Differential Calculus it is sometimes necessary to proceed to 
the higher orders of differential coefficients. 

Ex. 5. Kequired an approximate value of the fraction 

2. 4. ,.2x 

x being large, but account being taken of terms of the order 
af 1 . 

We have, by the last example, under the conditions speci- 
fied, 

1.2.3... « = v / (27r)of +i €- a: ^H- i ^...j, 
2 . 4 . 6 ... 2x = 2 s * 1 t/irx^e-* (l + , 
1 . 2 . 3 . . . 2a? « V(2ir) (2a?)*** + , 



a) 



3.5... (2a?-l) = 2***arV 

t 

= 2W ( 1 -i-)' 

on developing the fraction by division. 
Hence 



2.4... 2a; -^trf 



3.5... (2a; -1) 



1 + 

24a/ 



= 7T*aj* ^1 + — ...^ (1^)* 

Ex. 6. To sum the series 

1 J_ 1 1 
1 + 2*i + 3** + 4 SW # 2n ' 
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Representing the series by u, we have 

1 1 



1 1 2n 

~ 0 ~ (2n - 1) a**- 1 2**" 1 2^ B+1 



2n(2n + lH2n + 2),& C> 



For each particular value of n the constant C might be 
determined approximately as in Ex. 3, but its general ex- 
pression may be found as follows. 

Let x become infinite, then the above equation gives 
l + ^ + ^ + &c.arftn/ = tf> 

and it remains to evaluate the series in the first member. 
Now 

. TOttf =V(-i) 7 ^^=v(-i)(i+ ?i vi=ir-i) 

in which the coefficient of is , \ • 

l . J ... in 

Again, by a known theorem, 

8 in* = *(l-£)(l-^)(l-3£) 



Therefore, taking the logarithm of each member and dif- 
ferentiating, 
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ia 1 20 / t 0V 20 / 0* X" 1 



0 

20 



3 s 

in which the coefficient of 0*" is 



-2 



Equating this to the value before obtained for the same 
element, we have 

1 + S r + 8* + 4* > + * C# 2(1.2 ...2n) ( ™ h 
Hence 

(2jt)» 1 1 n_ 

U 2(1.2...2n) (2n - 1) a* 1 " 1 + 2a~ 6a* 1 * 1 

2ti (2/1 + 1) (2k +2) . . 
+ 720a>" + *° (20) ' 

the expression required. 

7. The above investigation gives us also another expres- 
sion for Bernoulli's numbers, viz. 

B» = 2JL ^^- (» + ^ + ^ + 4 4 + 4c) (21), 

while for the divided coefficients which appear in the actual 
expansion of %u a we have the expression 

Hence too it appears, First, that the series of Bernoulli's 
numbers is ultimately divergent, for, n becoming indefinitely 
great, we have 
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Limit of ~ 2±i = ^ (23). 

Secondly, that the divided coefficients in the expansion of 
2m, are ultimately convergent. For 

Limit f B ™ _ - 2 _1_ 

1 (24). 



4tt 2 



The expansion itself will be ultimately convergent or diver- 
gent according to circumstances. 

Limits of the Remainder of the Series for 2u x . 
8. Kepresenting, for simplicity, u m by u, we have 

tu = C + ,u<fc + ^ = .... + (- 1,- • ^ 

+ ss: + i (- ip x f™ 2r 5^ (25). 

The second line of this expression we shall represent by B, 
and endeavour to determine the limits of its value. 



Now by (22), 



3L_. 2 , T* tW ilA * 



1.2... 2r ^tt)* 04=1 7^' 
Therefore substituting, 

7? — V*r=« v»w=«> 2 (— 1 ) > *~ 1 d 3r ~ 1 U 
0 <m=°° "Cr=« (~ 1)**" d ir ~ l U 

"" =1 ir=B+I (2m^)" S 5 * • 

Assume 
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And then, making = e*, we are led by the general theo- 
rem for the summation of series (Diff, Equations, p. 431)* 
to the differential equation 

the complete integral of which is {Diff, Equations, p. 383) 

% = (2^r)^ ( 8m 2?W7r */ cos 2m7rx dx 

— cos 2wi7roj J sin 2m7rx g^i+r i 

or, since we have to do only with integer values of x for 
which sin (Imirx) = 0, cos (2mirx) = 1, 

Hence 

the lower limit of integration being such a value of a; as 
m 8 dS?" 7 * to vamsn > tne UPP 61 limit a;. Hence if within 

• The theorem which is of most frequent application is the following. If 
« = tt F ** + t^ +r jf+*+t<, +Sf *iM-*' + &c. ad inf., then supposing the law of the co- 
efficients to be 

M f .= <p(«)tt»- r , or u m -<p(m)u m - r = 0, 
and making x = the differential equation for u will be 

The student will easily deduce this from the more general theorem referred to. 
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the limits of integration j^s&i retain a constant sign, the 

value of B will be numerically less than that of the function 

ff_l_ 1 } <T« , 
J l(27T) te+1 + (47r) att+1 ' * *J J 

therefore, than that of the function 

_ f 1 , 1 j • A<?y 

2 1(2^ 1+ (i^p 1 - °* •"•'•J dx* ; 

therefore, by (22), than that of the function 



J_ B^ x d*u 
2tt 1.2 ... 2ndx* 



(27). 



When n is large this expression tends to a strict interpola- 
tion of form between the last term of the series given and the 
first term of its remainder, viz., omitting signs, between 



1.2... 2ndx*"- 1 1.2... (2n + 2) dx* n+l 
it being remembered that by (24) the coefficient of -5-^ in 

CIJC 

(26) is, in the limit, a mean proportional between the coefficients 

Of fa&i-i an ^ dx M±i * n ^ S m * er P°^ a ^ 0n 0I * f orm 

is usually accompanied by interpolation of value, though 
without specifying the form of the function u we can never 
affirm that such will be the case. 

The practical conclusion is that the summation of the con- 
vergent terms of the series for 2u affords a sufficient approxi- 
mation, except when the first differential coefficient in the 
remainder changes sign within the limits of integration. 

The series for 

2 log x, 2 \ , 2 — ~ — rr^, , 
0 x (ax + b) 

are therefore of the kind in which the summation of conver- 
gent terms suffices. 
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Particular forms of %u x . 

9. Beside the general expression for Xu x given in Art. 2, 
there are certain other forms which suppose a particular con- 
stitution of the function u x , and are advantageous under par- 
ticular circumstances. 

Thus the series 

*(O)-$(l)+0(2)-$(3)+&a 

has for its x + 1 th term (— and for the sum of its 

first x terms 2 (—1)* <j> (x). Applying the theorem of Art. 2, 
we should obtain for this an expansion proceeding according 
to the differential coefficients of (—l) x <f> (x). It is obviously 
desirable to substitute for this an expansion proceeding ac- 
cording to the differential coefficients of <f> [x). 

By a theorem employed in the demonstration of the fourth 
integrable form of Chap. iv. Art. 2, we have 

s (-i)*<H*)=(-in-^- 

=(-ir(^+i)^w. 

Now 

= I_I+JL t L^+Ac. 

t 2 T 1.2 1.2.3.4 T 



whence 

d_ 
dx 



-!)-*(*) = j| + i ^(l-2») 



1 . 2 . 3 . 4 v ' da? ') 
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Therefore 

2 (- 1)-# (x) = c+ (- 1)« { - \ * (*) + A (a »_i) ^ 

(29). 

Or, on calculating a few of the coefficients, 

2 (- (x) = C+ (- 1)' { - 1 4> (x) + \ 

" h {X) + 480 « " 80^0 W + &C - } 

(30), 

the theorem required. 

10. It is possible also to develope 2 {-l)"<f> (*) in ascendin°- 

differences ol <f> (x). 

We have by Art. 9, 

2 (- 1)" <(> (x) = (- 1)« (x) 

= (-l)-(2+Ar^(x) 

(31). 

Suppose it required to deduce hence an expression for the 
scries 

4> (0) - <t> (1) + $ (2) - <f> (3) + &c. ad inf., 

the terms being supposed to converge to 0. In* (31) let * be 
successively made 0 and ao , we have 

<t> (0) - (1) + <f> (2) - &c. ad inf. = C. 
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Hence 

<j> (0) - <j> (1) 4- <f> (2) - &c. ad inf. 
=i M_A^ + A^(0)_ &c {32) _ 

This theorem, which may be applied with great advantage 
to the summation of slowly convergent series whose terms are 
alternately positive and negative, may also be established as 
follows, 

<f> (0) -<f> (1) + </> (2) - &c. = (1 - D + J?-1? + &c.) <f> (0) 

- (1+^^(0) 
= (2 + A)- 1 £(0) 

/l A A 2 A 8 0 \ 
0(0) A0(O) AV(0) . 

— r ~r~~ + 8 _&c - 

11. The above results are virtually included in the two 
following more general theorems by which 2<j>(x)f is ex- 
pressed in series proceeding according to the differential 
coefficients and according to the differences of <j>(x), viz. 

in. ^Mcc-j^M-M,*^ 

♦A^+M W. 

where - °" 



= rh A0 " + (rh)' A ' 0 " + (rh) A "°" + &c - 

2ndly. 2*(*)«*=C?- I ^ 1 {^( al ) + i 4- { A^(x) 

+ ( r h)'* , *(*)+&cj < 34 )- 
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To demonstrate these theorems we must write, Chap. iv. 
p. 53, 

-r{«(i+A)-ip*(*), 

and develope the symbolical functions in the last two members 

in ascending powers of ^ and of A respectively, the former 

expansion being effected by the reciprocal form of Maclaurin's 
theorem, Chap. 1 1. Art. 11. 



EXAMPLES. 
1. Approximate to the numerical value of the series 



1 2 3 * 1000 

2. Deduce an approximate value of log 1 + log 2 + log 3 
. . . + log 1000 in the Napierian system. 

3. If an approximate value for the series 
be expressed in the form 

shew that 

and hence compute an approximate value of C. 

4. Find an approximation for 

3.5... (2a? + 1) 
2 . 4 . 2x ' 

B. F. D. 7 
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supposing x large ; the first negative power of x which pre- 
sents itself being 



5. Transform the series 

„ 1111- 

1 1 1 &c. 

2 3 4 5 

to one of a more convergent character. 

6. The series a x x — a % x* + a s x % — &c. may be transformed 
into 

Tin - Aa > (f+sp + A ' a « (1+^* - &c - 

where Aa„ = — a n . 
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CHAPTER VII. 

EQUATIONS OF DIFFERENCES. 

1. An ordinary equation of differences is an expressed 
relation between an independent variable x, a dependent 
variable u XJ and any successive differences of u xi as Au x1 A"w x 
...A*w x . The order of the equation is determined by the order 
of its highest difference ; its degree by the index of the power 
in which that highest difference is involved, supposing the 
equation rational and integral in form. 

Equations of differences may also be presented in a form 
involving successive values, instead of successive differences, 
of the dependent variable ; for A"w x can be expressed in terms 
of u x , u x+1 ... u^ n . Chap. II. Art. 10. 

Equations of differences are said to be linear when, con- 
sidered functionally, they are of the first degree with respect 
to u x1 Aw x , A*m x , &c; or, supposing successive values of the 
independent variable to be employed instead of successive 
differences, when they are of the first degree with respect 
to u xy u X¥V w x+s , &c. The connexion of the two cases is 
obvious. 

Equations of differences which do not belong to the ordi- 
nary species, viz. equations of partial differences and of mixed 
differences, will be defined in another chapter. 

Genesis of Equations of Differences. 

2. The genesis of equations of differences is analogous to 
that of differential equations. From a complete primitive 

F{x,u x , c) = 0 (1), 

connecting a dependent variable u z with an independent 

7—2 
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variable x and an arbitrary constant c, and from the derived 
equation 

AJ>,u x ,c)=0 (2), 

we obtain, by eliminating c, an equation of the form 

<f> u x , Au x ) = 0 (3). 

Or, if successive values are employed in the place of dif- 
ferences, an equation of the form 

^(x,w x ,O = 0 (4). 

Either of these may be considered as a type of equations 
of differences of the first order. 

In like manner if, from a complete primitive 

F(x, u xf c v c 2 , ... c n ) = 0 (5), 1 

and from n successive equations derived from it by successive 
performances of the operation denoted by A, we eliminate 
c v c a ... c„, we obtain an equation which will assume the form 

<f> (x y v.,, Au xi ... A n w x ) = 0 (6), 

or the form 

yfr (x, u xi u^, ... u^) = 0 (7), 

according as successive differences or successive values «ire 
employed. Either of these forms is typical of equations of 
differences of the n" 1 order. In (6), u„ may be replaced by w, 

Ex. 1. Assuming as complete primitive w = c#-t-c*, we 
have, on taking the difference, 

Aw = c, 

by which, eliminating c, there results 

u = xku + (Aw) 2 , 

the corresponding equation of differences of the first order. 

Thus too for any complete primitive of the form u = cx 
+/(c) there will exist an equation of differences of the form 

u = xAu+f{Au) (8). 

Ex. 2. Assuming as complete primitive 
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we have 

u^^ca^ + cb** 1 , 
= caT* + c'b** 2 . 

Hence 

u x+l — au x = c(b — a) b x , 
~ au x+i = c(b — a) b** 1 . 

Therefore 

*V* - - h {u^ - au x ) = 0, 

or 

u x+t —(a + b) u^ x + dbu x = 0 (9). 

Here two arbitrary constants being contained in the 
complete primitive, the equation of differences is of the 
second order. 

3. The arbitrary constants in the complete primitive of an 
equation of differences are properly speaking periodical func- 
tions of x of the kind whose nature has been explained, and 
whose analytical expression has been determined m Chap. iv. 
Art. 1. They are constant with reference only to the opera- 
tion A, and as such, are subject only to the condition of 
resuming the same value for values of x differing by unity ; 
a condition which however reduces them to absolute constants 
when x admits of integral values only. The subject will be 
more fully discussed in Arts. 4 and 11 of this chapter. 

The proposition converse to that of Art. 2, viz. that a 
complete primitive of an equation of differences of the 71 th 
order involves n arbitrary constants, has already been estab- 
lished by general considerations {Biff, Equations^. 187). 

Linear Equations of the First Order. 

4. The typical form of this class of equations is 

u x+l -A x u x = B x (1), 

where A x and B x are given functions of x. We shall first 
consider the case in which the second member is 0. 

To integrate the equation 

u x+l -A x u^0 (2), 
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we have 

whence, the equation "being true for all values of x, 

u x *= A^ 

u r+l = A r u r . 
Hence, by successive substitutions, 

u t + x = A 9 A x _ x A 9 ^...A r u 1 (3), 

t being an assumed initial value of x. 

Let C be the arbitrary value of u z corresponding to x = r, 
(arbitrary because it being fixed the succeeding values of u M , 
corresponding to o; = r4-l, a;=r+2, &c., are determined in 
succession by (2), while u r is itself left undetermined) then 
(3) gives 

u x+\ = A^ . . . A ri 

whence u x = CA^ X A^ ...A r , (4) , 

and this is the general integral sought. 

While, for any particular system of values of x differing by 
successive unities, C is an arbitrary constant, for the aggregate 
of all possible systems it is a periodical function of x, whose 
cycle of change is completed while x varies continuously 
through unity. Thus, suppose the initial value of x to be 0, 
then whatever arbitrary value we assign to u oi the values of 
m 8 , &c. are rigorously determined by the equation (2). 
Here then C, which represents the value of w 0 , is an arbitrary 
constant, and we have 

Suppose however the initial value of x to be J, and let E 
be the corresponding value of u x . Then, whatever arbitrary 
value we assign to 2£, the system of values of ttf , wj, &c. will 

be rigorously determined by (2), and the solution becomes 

u z+x — E^A^ ... A^, 
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The given equation of differences establishes however no 
connexion between C and E» The aggregate of possible solu- 
tions is therefore comprised in (4) supposing C therein to be an 
arbitrary periodical function ofx completing its changes while 
x changes through unity , and therefore becoming a simple 
arbitrary constant for any system of values of x differing by 
successive unities. 

We may for convenience express (4) in the form 

u.-GPA^ (5), 

where P is a symbol of operation denoting the indefinite con- 
tinued product of the successive values which the function of 
x , which it precedes, assumes while x successively decreases 
by unity. 

There is another mode of deducing this result which it may 
be well to notice. 

Let = Then u^ x = e**, and (2) becomes 

€^-^ = 0; 

• *• € ~~ * A x ~~ 0> 

whence At = log A x , 

* = 2log^4,+ (7, 
= log Ax_ x + log A^ + &c. + C, 
= log PA^+C. 

Therefore 
as before. 

Resuming the general equation (1) let us give to u m the 
form above determined, only replacing C by a variable para- 
meter G xy and then, in analogy with the known method 
of solution for linear differential equations, seek to deter- 
mine C x . 

We have u 9 =C a PA m _ iy 



Digitized by Google 



104 EQUATIONS OP DIFFERENCES. [CH. VII. 

whence (1) becomes 

O a ^PA m ^A u C m PA^B m . 

But A.PA^PA^ 
whence ( - C x ) PA X = B x , 

or, (AC x )PA x = B m , 

whence AC ' = pJl' 

C ' = t 7S, + G 

«, = P^,{S^-+C| (7), 

the general integral sought. 

Ex. 1. Given - (x + 1) u x = 1 . 2 ... (x+ 1). 

From the form of the second member it is apparent that x 
admits of integral values only. 

Here A x = x + 1, PA^ -x (x- 1) ... 1, 

B x ^ B x 
PA a ~" ' ^PJ, - ^ 5 

w x = a;(a;— 1) ... 1 x (cc-f (7). 

Ex. 2. Given u^ x - aw, = J, where a and ft are constant. 
Here A x = a, and PA X = a x , therefore 

-131+ V. 

where is an arbitrary constant. 

We may observe before dismissing the above example, that 
when A x = a the complete value of PA 9 is a" multiplied by 
an indeterminate constant. For 
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PA. X — ■A X A. X _^ . .. -A.^ 
= a.a.a... y x — r + 1 times, 
= aT* 1 = (T+ x x a*. 

But were this value employed, the indeterminate constant 
aT** 1 would in one term of the general solution (7) disappear 
by division, and in the other merge into the arbitrary con- 
stant C. Actually we made use of the particular value corre- 
sponding to r = 1, and this is what in most cases it will be 
convenient to do. 

Ex. 3. Given Aw, + 2u x = - x - 1. 
Keplacing Aw* by u x+l - u xi we have 

Here A x = -l, B x =-(x+l), whence substituting in (7) 
and reducing 

Ex.4. " " (g + i)' ' 



We find 



u x =a 



When, as in the above example, the summation denoted by 
2 cannot be effected in finite terms, it is convenient to employ 
as above an indeterminate series. In so doing we have sup- 
posed the solution to have reference to positive and integral 
values of x. The more general form would be 



x-l 

a 



r being the initial value of x. 
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Linear Equations with constant Coefficients. 

5. The general form of a linear equation with constant 
coefficients when expressed by successive values not incre- 
ments of the independent variable, and having its second 
member equal to 0, is 

If we assume u x = cm x , we obtain, on substitution and 
division by cm x t the ' auxiliary equation 1 

m n + A x m n ~ l + A t m n ~* ... + A n = 0. 

There exist therefore, when the roots of this equation are all 
different, n particular solutions of the form assumed above, 
corresponding to the n particular determinations of m. It is 
also evident from the linear form of the given equation, that 
the general value of u x will be the sum of the n particular 
values thus obtained. 

Ex. 5. The equation - 5u g+l + 6w x = 0 leads to the 
auxiliary equation 

and therefore admits of the two particular integrals 

« x = Cl (2)*, u x = c 8 (3)*, 
and of the general integral 

u x = c l (2)'-rC i (SY. 

When the auxiliary equation has imaginary roots, or equal 
roots, or when the given equation has a second member, the 
principles employed in the corresponding cases of differential 
equations may be adopted without essential change. 

If m have imaginary values, their trigonometrical equiva- 
lents must be employed. 

Ex. 6. Given w x+a +aX = 0. 

Here u x = c x [a V(- 1)}* + c 9 {- a V(- 1)}* 

« a* |\ jcos | + V(- 1) sin || + c, jcos | -\/(- 1) sin | 
= a-^eos(f) +5 sin(f)j. 
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If m have equal roots the solution may be derived by the 
method of limits (assuming the principle of continuity) from 
the answering form of the solution when the roots are un- 
equal. 

Ex. 7. Given — 2au x+l + a'u x = 0. 
The solution is the limiting form of 

u x = c x a" + cjf, 
b approaching to a. Therefore 

u x = lim oi(Ca*+ C'^^j 

= Ca?+C'xar l = a x (C+ C x x). 

If the second member be not equal to 0 the form of the solu- 
tion may be deduced from the particular form which it assumes 
when the second member is 0, by treating the constants as 
variable parameters. 

But in the last case, and usually in the preceding one, it is 
simpler to proceed by the symbolical method of the following 
section. 

Symbolical solution of equations uiih constant coefficients. 

6. The linear equation of the n tb order with constant co- 
efficients is of the form 

w Xf « + + A % u *4»-% — + AMx = -X" (1). 

Hence if D be a symbol of operation defined by 

D<l>(x) = <l>(x+1) (2), 

the above linear equation becomes 

DX + Ajr~ x u x + AJDT^u, . . . + A n u z = X, j 
or, separating the symbols of operation, 

(Z>* + ajt- x + AJT* . . . + A n ) u, = X, 
and this we shall for brevity represent by 

f(D)u = X (3); 
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whence « = {/(/>)}" 1 X (4), 

a form indeed differing in interpretation from (3) only in that 
it presents u as the object of quest {Diff. Equations, p. 375). 
Suppose the roots of the auxiliary equation f(m) — 0 to be 
all different, then, resolving \f{D)}~ 1 as if it were a rational 
fraction, we have a result of the form 

u = {A T 1 (i> - af 1 + N t {D- ay ... +N n (D -a.)" 1 } X*...(5), 
where N. = 



1 («l-«2)(«l~«3)-( a l-«») , 

with similar expressions for N 9 ...N n . But if a particular 
root a be repeated r times, then we have corresponding to that 
root a series of terms 

[M x (D - a)' 1 + M, (D - a)- . .. + M r (D - a)-'} X.... (6), 

where Jf,- 1 (£Y"L£M , (,»«). 

1.2... (r— t) \cfe/ (s — a) 

The solution of the proposed equation is therefore made to 
depend in all cases on the performance of the operation de- 
noted by (/> — a)~*X; and this, since we are permitted by the 

symbolical form of Taylor's theorem to substitute e** for D, 
may be referred to the known theorems 

Ki) <"* = * w <~, * (i) <~*= (|+ -) 

(Z^. Equations, p. 384). Let us first suppose the subject of 
the operation to be a x X where X denotes any function of x. 
Then 



* It is only while writing this work that I have become acquainted with the 
remarkable treatise of M. Lobatto, entitled Thiorie des Caracteristiques, pub- 
lished at Amsterdam in 1837. It contains the theorem in the text, the analogous 
theorem in differential equations, and in one word the whole of the theory of 
linear equations with constant coefficients rediscovered in England a year or two 
afterwards, and published in the tint and second volumes of the Cambridge Ma- 
thematical Journal. Evwy English mathematician will rejoice to see justice 
done to M. Lobatto. 

It is proper to add that M. Lobatto's treatise does not contain any anticipation 
of the higher symbolical methods subsequently developed in this country. 
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a 



(D - a)"VX = - a)-V ltwa X 

= €* 1< * B (e^ +, ° ga -a)- < X > by (7), 
= a x (a£-a)-'X 
= a x "'(i>-l)- , X 

since (D- 1) _, = A" 1 - 2. Hence, replacing a*X by X, and 
therefore X by <T*X, we have 

{V-ayX^aTVcrX (8). 

It is to be noted that since 

2*0 = c 0 + c x x + cj£ . . . + c M a' _1 , 

the above theorem, with the complementary function in its 
second member, will take the form 

(D-ayX^aT 1 Va*X + a* (c 0 + c x x . . . + c^aT ') . . . (9) . 

If the equation f(m) = 0 have a pair of imaginary roots 
a ± >9 V( — 1)> that pair occurring only once, then, as appears 
from (5), the value of u will contain a pair of conjugate terms 
of the form 

{jf+jv p v(-i)}{«+/8V(-i)rs[{a+i8V(-i)r-2n 
+{jf-jvy(-i)j { a -/3v(-i)r2[{a-^v(~ rx]. 

Now let a = p cos 0, ft = p sin 0, whence 0 = tan -1 £ , then 

{a ± V(- 1)P = P*" 1 {cos (a - 1) 0 ± V(- 1) sin (x - 1) 0} 

{a ± £ V(~ 1)}"* = {cos xd + V(~ 1) sin xd). 

Whence, substituting and reducing, we obtain as the real 
expression of the portion of the value of u corresponding to 
the imaginary roots in question, 



( Jl/cos (x - 1) 0 - iVsin (x- 1) 0} 2p""Xcos (x9)l . 
{Mam {x - 1) 0 +^cos (»- 1) 0} 2/T*Xsin (*0)J " ( J ' 
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The complementary function is evidently 

J {Mcoa (x-l)6- Nam (x - 1) 6} C x l 
9 |_+ { Ms ™ (* - 1) e + -Ncos {x- 1) 6) Cj ' 
which is reducible to the form 

p x (A cos xd + B sin xO). 

If the imaginary pair of roots be repeated r times, then, as is 
shewn by (6), there will exist in u a series of pairs of conju- 
gate terms of the form 

[m+ wo- i)i {* + £ v(- or f n« + 0 v(- i)ri] 
+{jf-^v(-i)j i«-0v(-i)rs«[{a-0v(-i)rxi, 

t receiving every integer value from 1 to r inclusive, and M 
and N being different for each different value of u Proceeding 
as before, we find that the real expression of that portion of the 
value of u which corresponds to the imaginary roots in ques- 
tion will consist of a series of terms of the form 

f" {Mcoa (x-i)0 -Nain (x - t) 6} Vp-* cos x6X] 
9 [_+ [Mam {x -i)0 + N cos (x - 1) 0} 2 sin xdX J " (1 ^' 
% varying from 1 to r. 

It is evident also that the complementary function intro- 
duced by summation will ultimately be 

x ( (A t + Ajc . . . + A^ 1 ) cos x6\ 
9 |+ (B t + Bp ... + BjT) sin xO) (12 )- 

A l9 B lt &c. being arbitrary constants. 

7. When the second member X either consists of a series 
of exponentials of the form Aa*, or is a rational and integral 
function of x, or is composed of terms resolvable into factors 
of either of these species, the process of solution may be sim- 
plified by methods analogous to those employed in the corre- 
sponding cases of differential equations ; and, though it will 
still be necessary to determine the roots of the auxiliary 
equation f{m) = 0, it will not be necessary to decompose the 
Symbolic expression {f(B)}~\ 
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In each of these cases, representing the given equation in 
the form/(Z>) w = X, we are permitted to write 

« = {/(/>)}- x+L/W'o (is), 

the second term in the right-hand member representing the 
complementary function. And, as this function introduces the 
requisite number of constants, it suffices to deduce any par- 
ticular value of the first term. 

First, let X consist of a series of exponentials of the form 
above described. Then since 

F(D)a* = F(<F e )e tl '* a 
= jF(e k * a ) 

= F(a)a' (14), 

a particular value of [f(D)}~ l X in (13) may be determined. 

Cases of failure from F(a) becoming infinite may be treated 
by combining with the term (11) such a term derived from 
the complementary function as will replace the infinite by an 
indeterminate form, and then applying the rule for vanishing 
fractions. 

Secondly, let X be a rational and integral function of x. 
Then we may either convert D into 1 + A, and so develope 
{f(D)}~ 1 in ascending powers of A, and finally perform the 
resulting operations, whether of summation or ot difference, 

on X; or, converting D into we may develope {f{D))~ l 

in ascending powers of , and perform on X the resulting 

operations of integration or differentiation. The solution is 
necessarily finite, since if X be of the n th degree both differ- 
ences and differentials of an order higher than the n to vanish. 

Thirdly, let X consist of terms of the form a*x n . Now 

F{D) a*<f> {x) = F(e*) e* 10 " <j> (x) 

= e zU * a F(e^")<t>{x) 
= a*F{aD)<l>{x). 
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Hence 

F(D)a*x* = (fF{aD)ar. 

By this theorem the problem is reduced to the second case 
already considered. 

To the above cases various others arising from the intro- 
duction of circular functions may be reduced ; but it is un- 
necessary to pursue the subject. 

Lastly, it may be observed that when, in the application of 
the general method, the final summations can in no other 
way be effected, we must revert to the definition of the symbol 
2 as in Ex. 3, and write down the series of terms which it 
may happen to indicate. 

8. It will be more instructive to exemplify the principles 
above explained than merely to apply the results which have 
been arrived at. 

Ex. 8. u x+i - 5u x+l + 6u x = a*. 

Here u x = (I?-bD + 6)" 1 a' 

= {(2>-3)- 1 -(i>-2)- 1 }a* 




_3J X 

a a 



a - 3 a -2 



the complete primitive. Or, availing ourselves of the sim- 
plifications of Art. 7, we should proceed thus : 

u x =(I?-5D + 6)"V + (IT - 5D + 6)" 1 0 

a* 



a 8 - 5a + 6 
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If a = 3 or 2, this solution fails. Suppose a = 3, then we 
may write 



u x = limit of f ' 3 * e + (73* + C'2- 
a 2 - 5a + 6 

= < ^U<73*+C'2- 
2a — 5 



= xx3 r, + C3 X + C"2*. 
Ex. 9. Given 

Symbolically we have 

.\ w, = (2>-2)- a ara r +(i>-2)-*0 

= a x (ai)-2)- 2 ; r + 2 x (c 1 + c jl a7), by (11). 



Symbolically we have 

(D 2 -f a*) w, = cos mx ; 

... M , = (2? + a 2 )" 1 cos mx + (2? + a 2 )" 1 0. 
But + cos mx 



Now 




a; 2a 




Ex. 10. 



m + a*w x = cos mx. 



= 1(2? + 




B. F. D. 
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= I (( 6 *»V<-i> + a «)-i £ «xVi-t, + (€ -^V(-i, + a *)-i € —V(-t,j 
2 

a 2 cos mx + cos m (x — 2) , 

= J i — ^— - — - on reduction; 

a -J- 2a cos 2 m + 1 

. and, by Ex. 6, 

a*)" 1 0 = a' cos™ +1? sin 5?) ; 

a 2 cos mx -f cos wi (x - 2) x / , ^ . r> 

.-. u z = r-r-j Q \ , — - + a L4 cos — + -ffsin — I . 

a + 2a cos 2 m + 1 \ 2 2 / 

Ex. 11. t/^ — a 2 w x = tan mx. 

Proceeding by the general method we have 
u g = {IT - a 2 )" 1 tan mx +(/>*- a 2 )" 1 0 

= — {(£- a)' 1 - (D + a)" 1 ) tan mx + Co? + C (- a)' 

— {a* -1 2a"* tan - (- ft)*" 1 2 (— of* tan wx) 
2a 

+ (V +£'(-«)*• 

As the summation cannot be effected in definite terms we 
may write 

t (tan m tan 2m tan (x — 1) m] 
tanmx= j— 1 ^ — ... + ^ j- , 

with a corresponding form for 2 (— a)~ x tan mx. 

Equations reducible to linear equations with constant 
coefficients, 

9. There are certain forms of equations which a transfor- 
mation enables us to reduce to the class of linear equations 
with constant coefficients above considered. Far less attention 
lias indeed been paid to such reductions than to the correspond- 
ing ones in differential equations, and the number of known 
cases is small. The following are the most important. 
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1st. Equations of the form 

+ A s <f>(x)<f>{x-1) <j>(x - 2) Wx+n _ 9 + &c. = X (1), 



where A 1 A i ... A n are constant, and <f> (x) a known function, 
may be reduced to equations with constant coefficients by 
assuming 

= (j> (x - n) <f> (x - n - 1) ... <f> (1) v a (2). 

For this substitution gives 

Ux+n = <t>(x)<f>{x-l)<l>{x- 2) ... <f> (1) v^ 9 
= $ (« - 1) £ (a - 2) ... 0 (1) Vi» 

and so on ; whence substituting and dividing by the common 
factor <f> (x) <f>(x—l) ... <f> (1), we get, 

X 

**** + A v ***-x + ^tW* + &c - ~ 4>(a04>(*-l)...</>(l) 

an equation with constant coefficients. 

In effecting the above transformation we have supposed x 
to admit of a system of positive integral values. The general 
transformation would obviously be 

u x = <t> {x - n) <j> {x - n - 1) ... 4> (r), 
r being any particular value of x assumed as initial. 

2ndly. Equations of the form 

u*+n + A x a*u m ^ mmX + A a *X+«- 2 + &c. = X, 

are virtually included in the above class. For, assuming 
(x) = o x , they may be presented in the form 

Wx + « + -4, ♦ (*) + -f <f> (*) $ {x - 1 ) u x+n _, + &c. = X 



(4). 

8—2 
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Hence, to integrate them it is only necessary to assume 

(r-n){x-n+l ) 

= a * v. (5). 

3rdly. Equations of the form 

u x + a x u^ x + b x ii x = c x (6) 

can be reduced to linear equations of the second order, and, 
under certain conditions, to linear equations with constant 
coefficients. 

Assume 




Then for the first two terms of the proposed equation, we have 




Whence substituting and reducing, we find 

+ (b x - a w ) v^ x - {a x b x + c x ) v x = 0 (7), 

a linear equation whose coefficients will be constant if the 
functions b x — and a x b x + c x are constant, and which again 
by the previous section may be reduced to an equation with 
constant coefficients if those functions are of the respective 
forms 

A<f>(x), B<f>{x)<l>{x-1). 

The above equation may also be integrated when the single 
condition c x — 0 is satisfied. For, on separating the symbols, 
(7) becomes 

[If + (b x - a x+1 ) D - a x b x \ v x = 0. 
Now this may be reduced to the form 

+ y (D-a x )v x = Q t 
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which, lastly, may be resolved into the two linear equations 
of the first order, 

We can now determine in succession w m , v x and u x * 

As the value of v x is in all these cases made to depend 
upon the solution of an equation of differences of the second 
order, it will involve two arbitrary constants, but they will 
effectively be reduced to one in the final substitution of the 
derived value of u x in (6). 

4thly. Some non-linear equations may be solved by means 
of the relations which connect the successive values of circular 
functions. 

Ex. 12. u^u t - a x (w x+1 - u x ) + 1 = 0. 
Here we have 

1 «*+, -w» 



whence 



Now the form of the second member suggests the transfor- 
mation u x = tan v xt which gives 

1_ tanv r+1 — tan v x 
a x 1 + tan v^ x tan v x 

= tan (v^ - v x ) 

= tan At^, 

v x = C+Stan -1 — , 

u x = tan 2 tan" 1 . 

Ex. 13. Given u XArX u x + V{(1 -wVJ (1 - u x 9 )} = a x . 
Let u x = cos v x , and we have 

a x = cos v x+l cos v x + sin v x+l sin v 9 
= cos {v^ x - v x ) = cos At?,, 
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whence finally 

u x - cos (C+ 2 cos" 1 a x ). 

The' method by which the linear equation (7) was inte- 
grated in the particular case of c x = 0 suggests the problem 
of determining a priori the forms of equations of differ- 
ences of the higher orders which may be resolved into, or in 
some way made to depend upon, equations of the first order. 
The following will serve as a particular illustration. 

Since the solution of the symbolical equation 

(7T* + a7r + b)'u x = X (9), 

where a and b are constant coefficients, depends in general 
upon the interpretation of an expression of the form 

u z = N x (tt - a)' 1 X + N 2 (tt - X (10) , 

let us give to it the form D 4- <f> (x) ; such being a form which 
renders (10) interpretable by the solution of linear equations 
of differences of the first order. Then (9) becomes 

[{D + <f> (x)} 7 + a{D + 4> {x)} + b] u x = X, 

or, effecting the operations and replacing Du x1 1?u x by u^, w^, 

+ <t> -M + [{<H*)Y+ «</> (*) + b] u x =X. 

The solution of this equation then, whatever form we 
assign to <f>, will depend upon that of equations of differences 
of the first order. 

There are, further, various cases in which the solution of 
equations of differences may be effected by a process of suc- 
cessive reduction. We shall discuss this subject in Chap. ix. 

Analogy with Differential Equations, 

10. Many remarkable properties which constitute a ground 
of analogy more or less exact between linear differential equa- 
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tions and algebraic equations, may be extended to linear 
equations of differences. 

One of those properties which, though among the least 
interesting in point of analogy, is the most important in ap- 
plication, we snail here notice. 

Theorem. We can depress by unity the order of a linear 
equation of differences 

Wx+n + A x u^ x + B x u^^ + &c. = X (1) , 

if we know a particular value of u x which would satisfy it were 
the second member 0. 

Let v x be such a value, so that 

V*m + ^xVn-l + -B. Wt + &C. = 0 (2), 

and let u 9 = v x t x ; then (1) becomes 

Vx+» + AViU + BzVx+nJ*^ + &C. = X 

Or v x , n m x + A m v x ,^-%^B s v m ^^t m ...^X. 

Keplacing D by 1 + A, and developing 2?*, Z)*" 1 , &c. in 
ascending powers of A, arrange the result according to as- 
cending differences of t x . There will ensue 

+ PAt x + QA% ... + ZA\ = X (3), 

P, (), ••• Z being, like the coefficient of t x , functions of v s , v M 
&c. and of the original coefficients A xi B x , &c. 

Now the coefficient of t x vanishes by (2), whence, making 
At x = w x1 we have 

Pw x + Q Aw x ... + ZA n ~ l w a = X, 

an equation of differences of the n - 1 th order for determining 
Wg. This being found we have 

t m = $u> m \ u x = v m tw x (4). 
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It hence follows that the linear equation 

+ Awx+x + B x u x = X. (5) 

can be completely integrated if we know a particular in- 
tegral of 

w* +2 + ^A +1 + B x ii x = 0 (6). 

To deduce the form of the complete integral, let, as before, 
r a be the particular value of u x which satisfies (6), and let 
v a = v K t z ; then, proceeding as above, we get 

+ ( 2 *'*42 + AO Af. = X; 

therefore putting At x = w x and dividing by v^, 

v*+A w * + {2v x „ + A x v x „) w x = X, 

X 



or 



This equation may be a little simplified ; for by virtue of 
(G), of which v x is an integral, 

1 + A*v*+x _ B x v x 

Hence 



B x v x 



w x+l w x = 



Ultimately therefore we have 



each summation introducing an arbitrary constant. 
If we make 
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the above solution may be presented in the form 
If X= 0 we have simply 



Fundamental Connexion with Differential Equations. 

11. Equations of differences are connected with differen- 
tial equations by more than mere analogy. If in an equation 

& 

of differences symbolically expressed we substitute e** for D, 
it becomes a differential equation. We purpose here to in- 
quire to what form of the general solution of a linear equation 
of differences, with constant coefficients and with vanishing 
second member, this transformation leads. 

This solution must be deduced from the interpretation of 
terms of the form 

M r (e*-ayO (1), 

a, r, and M having the same meaning and the same value as 
in Art. 6. We know from the theory of differential equa- 
tions that the complete interpretation of this term will consist 
of terms of the form 

e" 1 * {A + Bx + Cx* ... + EaT 1 ) (2), 

m representing in succession the different roots of the equation 

e m -a = 0 (3), 

and A y By C>...E being arbitrary constants which differ for 
different values of m. 

Now the roots of (3) are all included in the formula 

m = log a ± 2iw V(~ 1)» 

t being an integer, positive, negative, or 0. 
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Let 2 = 0, then m = log a, and (2) gives 

a' {A + Bx + Cx % . . . + Ex*- 1 ) , 
which agrees with the result in Art. 6. 

Again, assigning to i any two corresponding positive and 
negative values, (2) assumes the form 

8 and T being polynomials of the form 

A + Bx+Cx\..+Ex r ~\ 

but with different constants. But (4) may be reduced to the 
form 

a" [8 (cos 2iirx + V(- 1) sin 2iirx) 

+ T {cos 2tirx — V(— 1) 8m 2wr£c}], 

or, replacing 8+ Tand (S- T) V(- 1), by M and N, (poly- 
nomials still of the r — 1 th degree with arbitrary constant co- 
efficients), we have 

a* (M cos 2iVa; + ^sin 2ittx). 

Hence, giving to i the successive values 0, 1, 2, &c, it ia 
seen that the complete solution, so far as it depends on the ex- 
pression (2> — o^O, will be of the form 

a' [P x + + P 9 x* ... + P^ 1 ) (5), 

where each coefficient P is of the form 

. (B t cos 27ra: + C x cos 4to + E x cos birx + &c| . . 
A + \B t sin 2irx + (7, sin Attx + E^sm fax + &c.j W ' 

A, B it B t1 &c, being arbitrary constants. 

Analytically, (6) is the general expression for a periodical 
function of x constant for values of x differing by unity. And 
this confirms the h priori determination of the significance 
of the constants in the solution of equations of differences. 
Ait. 3. See also Chap. IV. Art. 1. 
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We thus see that it is due to the imaginary constituents of 
d 

the expression €*" — a that the constants in the solution of an 
equation of differences are such only relatively and not abso- 
lutely, their true character being periodical. 



EXERCISES. 

1. Find the equations of differences to which the following 
complete primitives belong. 

1st. u=cx* + c*. 2nd. u = jc (- 1)* - 

3rd. u = cx + c'a*. 4th. u = ca x + c*. 
5 th. M = c' + o(l^)(-ar-^. 

2. Given — %u^ x — Au x = 0, find u x . 



3. w x+a — 3w K+1 — 4w x = to*. 

4. —pa**u K = qa x *. 

5. — au K = cos 

6. 1^+4^+4^ = *. 

7. w x — 3 sin (thc)^ — 2 {sin (ttx) )*u a _ % = 0. 



8. The linear equation of differences u x — Aju^ = B xi be- 
comes integrable on multiplying both sides by PA X . 

9. Deduce a complete primitive of the equation 

11^ + 211^+ u x = x( x -l) (a-2). 

♦ 

10. Integrate w x+8 - 2mw af+1 + (m 2 + w*) u x = 0. 

11. Integrate u x+l u x + (a; + 2) + xu x = -2-2x- x\ 

12. In Art. 9, the solution of a class of equations of the 
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first order is made to depend upon that of a linear equation of 
the second order whose second member is 0 by assuming 




And it is remarked that the two constants which appear in 
the value of v x effectively produce only one in that of u x . 
Prove this. 

13. The equation 

may be resolved into two equations of differences of the first 
order. 

14. Given that a particular solution of the equation 

X'X~1) 

u^ — a (a* + 1) u x+l + a** 1 u x =0 is u x = ca 51 , 
deduce the general solution. 

15. The above equation may be solved without the pre- 
vious knowledge of a particular integral. 

16. The equation 

"."m"** = a {u x + + u x J 
may be integrated by assuming u x = V« tan v x . 

17. Shew also that the general integral of the above equa- 
tion is included in that of the equation u^ 9 — u K = 0, and hence 
deduce the former. 

18. Shew how to integrate the equation 

u *+i u x+* + ^u x + u x u XjfX = m*. 
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CHAPTER VIII. 

OP EQUATIONS OF DIFFERENCES OF THE FIRST ORDER, BUT NOT 

OF THE FIRST DEGREE. 

1. The theory of equations of differences which are of a 
degree higher than the first differs much from that of the 
corresponding class of differential equations, but it throws 
upon the latter so remarkable a light that for this end alone 
it would be deserving of attentive study. We shall endea- 
vour to keep the connexion of the two subjects in view 
throughout this chapter. 

Expressing an equation of differences of the first order 
and n ih degree in the form 

(Aw) n + ^(Awp + P 2 (AwP ... + P n w = Q (1), 

P 1 P a . . . P„ and Q being functions of the variables x and w, 
and then by algebraic solution reducing it to the form 

(Aw -p x ) (Aw ... (Aw -p n ) = 0 (2), 

it is evident that the complete primitive of any one of the 
component equations, 

Aw —p L = 0, Aw —p^ = 0 ... Au —j? n = 0 (3), 

will be a complete primitive of the given equation (1), i.e. a 
solution involving an arbitrary constant. And thus far there 
is complete analogy with differential equations {Biff. Equa- 
tions, Chan. VII. Art. 1). But here a first point of difference 
arises. Tne complete primitives of a differential equation of 
the first order, obtained by resolution of the equation with 

respect to and solution of the component equations, may 

without loss of generality be replaced by a single complete 
primitive, (lb. Art. 3). Referring to the demonstration of 
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this, the reader will see that it depends mainly upon the fact 
that the differential coefficient with respect to x of any func- 
tion of V v F 2 , ... F n , variables supposed dependent on x, will be 
linear with respect to the differential coefficients of these de- 
pendent variables (lb. (16) (17)). But this property does not 

remain if the operation A is substituted for that of ^ ; and 

therefore the different complete primitives of an equation of 
differences cannot be replaced by a single complete primitive. 
On the contrary, it may be shewn that out of the complete 
primitives corresponding to the component equations into 
whicli the given equation of differences is supposed to be re- 
solvable, an infinite number of other complete primitives 
may be evolved corresponding, not to particular component 
equations, but to a system of such components succeeding each 
other according to a determinate law of alternation as the 
independent variable x passes through its successive values. 

Ex. 1. Thus suppose the given equation to be 

(At/) 2 - (a + x) Au + ax = 0 

which is resolvable into the two equations 

Aw-a = 0, Au-x=0 (5). 

And suppose it required to obtain a complete primitive which 
shall satisfy the given equation (4) by satisfying the first of 
the component equations (5) when a; is an even integer and 
the second when x is an odd integer. 

The condition that Aw shall be equal to a when x is even, 
and to x when x is odd, is satisfied it we assume 

1 + (- 1)* l - (- 1)* 

Au = a ~ — - +x )- — - 

2~ + (~ ~Y~ ' 

the solution of which is 

ax x(x—l) , . fx — a 1\ ^ 

*=2- + A 4 (-r-§) +<7 ' 
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and it will be found that this value of u satisfies the given 
equation in the manner prescribed. Moreover, it is a com- 
plete primitive. 

To extend this method of solution to any proposed equa- 
tion and to any proposed case, it is only necessary to express 
Am as a linear function of the particular values which it is 
intended that it should receive, each such value being multi- 
plied by a coefficient which has the property of becoming 
equal to unity for the values of x for which that term becomes 
the equivalent of Am, and to 0 for all other values. The 
forms of the coefficients may be determined by the following 
proposition. 

Prop. If a, ft 7 ... be the several 71 th roots of unity, then 

x being an integer, the function a — is equal to 

unity if x be equal to n or a multiple of n, and is equal to 0 
if x be not a multiple of n. 

27T 2?r 

For if u=cos \-*J(— 1) sin — , the n roots will be 

n n 

1 , fi f fi* . . . fi n ~ l . Therefore, 



n n 

,nx 1 



1 // 



, • (6). 

Now if x be equal to n, or to a multiple of w, the above 
becomes a vanishing fraction whose value determined in the 
usual way is unity. If x be not a multiple of w, then since 
/x*= 1, the numerator vanishes while the denominator does 
not, and the fraction is therefore equal to 0. 

Hence, if it be required to form such an expression for 
Am as shall assume tne particular values p v p t ...p n in suc- 
cession for the values a?=l, x=2 ... x = n, again, for the 
values x = n + 1, x— n + 2 ... x = 2n } and so on, ad inf., it 
suffices to assume 

Am = P^ x p x + P^ 8 ... + P M p (7), 

where p, = ^±^+^ (8), 
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a, /3, y ... being as above the different 71 th roots of unity. The 
equation (7) must then be integrated. 

It will be observed that the same values of Aw may recur 
in any order. Further illustration than is afforded by Ex. 1, 
is not needed. Indeed, what is of chief importance to be 
noted is not the method of solution, which might be varied, 
but the nature of the connexion of the derived complete pri- 
mitives with the complete primitives of the component equa- 
tions into which the given equation of differences is resolvable. 
It is seen that any one of those derived primitives would 
geometrically form a sort of connecting envelope of the loci 
of what may be termed its component primitives, i. e. the 
complete primitives of the component equations of the given 
equation of differences. 

If x be the abscissa, u x the corresponding ordinate of a point 
on a plane referred to rectangular axes, then any particular 
primitive of an equation of differences represents a system of 
such points, and a complete primitive represents an infinite 
number of such systems. Now let two consecutive points in 
any system be said to constitute an element of that system, 
then it is seen that the successive elements of any one of these 
systems of points representing the locus of a derived pri- 
mitive (according to the definitions implied above) will be 
taken in a determinate cyclical order from the elements of 
systems corresponding to what we have termed its component 
primitives. 

2. It is possible also to deduce new complete primitives 
from a single complete primitive, provided that in the latter 
the expression for u be of a higher degree than the first with 
respect to the arbitrary constant. Ihe method which con- 
sists in treating the constant as a variable parameter, and 
which leads to results of great interest from their connexion 
with the theory of differential equations, will be exemplified 
in the following section. 

Solutions derived from the Variation of a Constant 

A given complete primitive of an equation of differences of 
the first order being expressed in the form 

y=f{*,c) (i). 
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let c vary, but under the condition that Aw shall admit of the 
same expression in terms of x and c as if c were a constant. 
It is evident that if the value of c determined by this condition 
as a function of x be substituted in the given primitive (9) 
we shall obtain a new solution of the given equation of dif- 
ferences. The process is analogous to that by which from 
the complete primitive of a differential equation we deduce 
the singular solution, but it differs as to the character of the 
result. The solutions at which we arrive are not singular 
solutions, but new complete primitives, the condition to which 
c is made subject leading us not, as in the case of differen- 
tial equations, to an algebraic equation for its discovery, but 
to an equation of differences the solution of which introduces 
a new arbitrary constant. 

The new complete primitive is usually termed an indirect 
integral. 

Ex. 2. The equation u = ojAm + (Am) 8 has for a complete 
primitive 

M = ca? + c t (2). 

An indirect integral is required. 

Taking the difference on the hypothesis that c is constant, 
we have 

Au — c ; 

and taking the difference of (2) on the hypothesis that c is an 
unknown function of x, we have 

Am = c + (x + 1) Ac + 2c Ac + (Ac)". 

Whence, equating these values of Am, we have 

Ac(a?+l + 2c + Ac) = 0 (3). 

Of the two component equations here implied, viz. 
Ac = 0, Ac + 2c + x + 1 =0, 

the first determines c as an arbitrary constant, and leads back 
to the given primitive (2); the second gives, on integra- 
tion, 

c=c{-iy-?-\ (4), 

B. F. D. 9 
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C being an arbitrary constant, and this value of c substituted 
in the complete primitive (2) gives on reduction 

»={c(-ir-jf-J (5). 

Now this is an indirect integral. We see that the prin- 
ciple on which its determination rests is that upon which 
rests the deduction of the singular solutions of differential 
equations from their complete primitives. But in form, the 
result is itself a complete primitive; and the reader will 
easily verify that it satisfies the given equation of differences 
without any particular determination of the constant G, 

Again, as by the method of Art. 1 we can deduce from 
(3) an infinite number of complete primitives determining c, 
we can, by the substitution of their values in (2) deduce an 
infinite number of indirect integrals of the equation of differ- 
ences given. 

It is proper to observe that indirect integrals may be de- 
duced from the equation of differences (provided that we can 
effect the requisite integrations) without the prior knowledge 
of a complete primitive. 

Ex. 3. Thus assuming the equation of differences, 

u = xAu + (Am) 2 (6), 

and taking the difference of both sides, we have 

Au = Au + xA*u + A 2 w + 2Au A 2 w + (A 2 w) 2 ; 
/. A*u(A*u + 2Au + x+l) = 0 J 
which is resolvable into 

A 2 w = 0, A 2 w + 2Aw-f a;-f 1=0 (7). 

The former gives on integrating once, 

Aw = c, 

and leads on substitution in the given equation to the com- 
plete primitive (2). 

The second equation of (7) gives, after one integration, 

A«=c(-ir-|-j, 
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and substituting this in (6) we have on reduction 




which agrees with (5). 

The process by which from a given complete primitive we 
deduce an indirect integral admits of geometrical interpreta- 
tion. 

For each value of c the complete primitive u =f{x, c) may 
be understood to represent a system of points situated in a 
plane and referred to rectangular co-ordinates ; the changing 
of c into c + Ac then represents a transition from one such 
system to another. If such change leave unchanged the 
values of u and of Au corresponding to a particular value of 
x, it indicates that there are two consecutive points, i. e. an 
element (Art. 1) of the system represented by u =f(x, c), the 
position of which the transition does not affect. And the 
successive change of c as a function of x ever satisfying this 
condition indicates that each system of points formed in suc- 
cession has one element common with the system by which 
it was preceded, and the next element common with the sys- 
tem by which it is followed. The system of points formed 
of these consecutive common elements is the so-called indi- 
rect integral, which is thus seen to be a connecting envelope 
of the different systems of points represented by the given 
complete primitive. The difference between this case and 
the one considered before is that here all the elements of all 
possible indirect integrals are, virtually, contained in the one 
complete primitive given. 

It evidently might happen that both methods admitted of 
application in the same problem. 

3. Of the different questions which the above theory sug- 
gests, the following are perhaps the most important. 

1st. An indirect integral being itself a complete primi- 
tive, what will be the result of applying to it the process of 
the variation of the arbitrary constant? 

2ndly. An indirect integral represents a system of the loci 
represented by the complete primitive from which it was 

9—2 
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derived, and it is itself a complete primitive. In differential 
equations envelopes are represented usually by singular solu- 
tions, and occasionally by particular primitives. How is this 
to be explained ? 

The answers to these questions are contained in the state- 
ments of two laws, viz. the Law of Reciprocity, connecting 
the integrals of an equation of differences ; and the Law of 
Continuity, governing the transition from the integrals of 
equations of differences to the integrals of differential equa- 
tions. 

Law of Reciprocity, 

Prop. A complete primitive of an equation of differences 
with the indirect integrals deducible from that primitive by 
the variation of its arbitrary constant will together constitute 
a cycle of complete primitives, such that from any one of 
them all the others may be deduced by the variation of its 
arbitrary constant. 

Let the given complete primitive be 

c ) (1). 

Then 

Au=f(x + l,c)-f(x,c) (2), 

and the elimination of c between these equations leads to the 
equation of differences, the form of which will be 

F{x, w, Aw) = 0 (3). 

Again, taking the difference of (1) on the assumption that c 
is an unknown function of x, we have 

Aw =/ (x + 1, c + Ac) -/ (x, c). 

That this may be equal to the value of Au obtained in (2) on 
the hypothesis of c being a constant, we must have 

» + l, c + Ac)-f(x+ 1, c) = 0 (4), 

an equation of differences for determining c. It is satisfied 
by the assumption Ac=0; but this, determining c as a constant, 
only leads us back to the given complete primitive. Virtually 
(4) is reducible to the form 

Ac<£(a?, c, Ac)=0 (5), 
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and therefore resolvable into 

Ac = 0, <j>(x, c, Ac) = 0 (6), 

and it is the values of c which satisfy the second of these 
equations, or which, according to the theory developed in 
Art. 1, satisfy the two equations under some law of alterna- 
tion, that lead on substitution in (1) to indirect integrals. 

If D = 1 + A, the equation (4) may be expressed in the 
form 

f{x+l,Dc)-f(x+l,c)=0 (7). 

Let its integrals, in accordance with what has above, been 
said, be 

c = a > I (8) 

c = ft <0, c = ft (x, a t ), &c.j h 

a, a v a„ ... being arbitrary constants. 
Then the indirect integrals derivable from (1) are 

u =f i x > ft (*> «i) } > u =/ {*> ft (*> « a ) } > &c ( 9 ) • 

But, since c = ft (x, a.) is by hypothesis an integral of (7), 
it must, together with tne value of Dc which it gives, viz. 

Dc = ft (*+l, a t ), 

reduce (7) to an identity. Substituting in (7) we have 

/ [x + 1 , ft (x + 1, a x )} -/ [x + 1, ft (x, a,)} = 0 . . . (10). 

Proceeding in like manner with the equation c = ft(cc, aj 
we have 

f{x+l, ft (x + 1, aj}-f{x+l, ft (a;, a,)} = 0...(11), 

and so on. Thus the indirect integrals of (3) are represented 
by the system (9), the functions denoted by ft, ft, dfcc, being sub- 
ject to the conditions (10), (11), &c. 

Now let us assume the first indirect integral in (9), viz. 

ftfo <01 (12), 

as a ^riven complete primitive, and seek the indirect integrals. 
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The form of the equation (7) shews that the equation of 
differences for determining a, will be 

f{x + l, fa (x + 1, Da,)} -f{x + 1, fa (x + 1, a,)) = 0. 

But the equation of condition (10) enables us to reduce this 
to the form 

/ {x + 1, fa (x + 1, Da,)} -f [x + 1, fa {x, a,)} = 0, 

or, since Dfa (x, a,) = fa(x + l, Da,), 

f{x+l, Dfa (x y a,)} -/{* + 1, <fc (x, a,)} =0 ... (13); 

an equation which is of the same form with respect to the 
function fa (x, a t ) as the equation (7) is with respect to c. 
Hence by (8) it will admit of the system of integrals, 

fa fa «i) = A > 

fa (x, a,) = fa (x, A,), fa (x, a,) = fa {x, A^ &c. 

A, A v A % ... being arbitrary constants. These integrals de- 
termine the values of a v which must be substituted in the 
complete primitive (12) in order to obtain the system of its 
derived primitives. 

^ The integral in the first line of (14) reduces (12) to the 
form 

u=f(x, A), 

which is equivalent to the original complete primitive (1). 

The first integral in the second line of (14) gives a l = A v 
and thus leads us back to the assumed primitive (12). 

The second integral in the second line of (14) reduces (12) 
to the form 

u=f{x, fa(x, 4,)}, 

which agrees with the second indirect integral in the system 
(9). And the forms being general, every integral in the 
system (9) can thus be derived from the first of the series. 

We see therefore that any indirect integral leads us, by a 
repetition of the process of its own formation, both to the 
complete primitive from which it was derived, and to all 
other complete primitives having the same origin. The en- 




■ 
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tire system is seen to constitute a cycle. Theoretically, that 
cycle will be infinite, but practically, owing to the limitation 
of our powers of integration, it may be finite. 

Ex. 4. The equation of differences, u = #Aw + (Aw)*, has 
for a complete primitive u = cx + c 8 , and hence (2, Ex. 2) was 
derived the indirect integral 



«={c(-ir-i}'-^ ; 



shew that, assuming this as complete primitive, the equation 
u = cx + <? results as indirect integral. 

Expressing the given primitive in the form 

«-Cf(-l)--|(-l)' + ±-J (a), 

and taking the difference on the hypothesis that C is con- 
stant, we have 

(j). 

Taking again the difference of (a) on the hypothesis that 
C is variable, we have, on reduction, 

An-Cf-ir-f-i 

+ 2CAC(-ir+(Acr (- ir+^(- ir w, 

which agrees in form with (b) if we have 

A<7{2C(-l) te + AC(- i)* + I(-l)*j=o. 

Here the component equation A (7=0 leads back to the 
given primitive ; the remaining equation is 

2a(-ir + AC(-l) te + i(-ir=0; 
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or dividing by (- 1)**, and transposing, 
the integral of which is 

o-(.+D<-ir. 

Substituting this in the given primitive, we get 

fx IV 

= ( C -i)' + ( C -i) :C ' 

or, replacing c — i by c, since the constant is arbitrary, 

u = ca; + c*, 
the indirect integral sought. 

Ex. 5. The equation « x+1 = (1 +u}) 3 is satisfied by 

w x =(aj + c) 8 (a); 

deduce thence a cycle of three complete primitives. 

By (4), Art. 3, the equation for determining c is 

(x + 1 + Dc)*- {x + 1 + c) 8 = 0, 

which is resolvable into 

Ac = 0 (Z>), 

Zfc-|*c=0*-l)(aj+l) (c), 

Dc-vc = {v-l) {x + 1) (<*), 

and v being roots of the equation 

i. e. imaginary cube roots of unity. The equation (1) leads 
back to the given primitive, while (c) and (d) give on inte- 
gration, 
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C = -X-— y + C,/*, 

c— — x + c 2 it; 

whence, substituting in (a), we have 

w, 

w =( c ^-^)' 

and these with (a) form the cycle in question. 

It will be found that either of the equations (e), (/), as- 
sumed as complete primitive, leads to the other and to (a) as 
indirect integrals. 



The principle of Continuity. 

4. We have defined the Calculus of Finite Differences as 
the science which is occupied about the ratios of the simul- 
taneous increments of quantities mutually dependent; the 
Differential Calculus, as the science which is occupied about 
the limits to which such ratios approach as the increments 
are indefinitely diminished. The terms of these definitions 
forbid us to regard the Differential Calculus as merely a par- 
ticular case of the Calculus of Finite Differences. And a 
careful analysis of the meaning of the word limit will shew 
us that it is not true that every result of the Calculus of 
Finite Differences merges when the increments are indefinitely 
diminished into a result of the Differential Calculus. 

It is a familiar but a partial illustration which presents a 
curve as the limit to which a polygon tends as its sides are 
indefinitely increased in number and diminished in length. 
Let us suppose the differences of the value of the abscissa x 
for the successive points of the polygon to be constant, the 
law connecting the ordinates of these points to be expressed 
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by an equation of differences, and the corresponding law of 
the ordinate3 of the limiting curve to be expressed by a dif- 
ferential equation. 

Now there is a more complete and there is a less com- 
plete sense in which a curve may be said to be the limit of a 
polygon. 

In the more complete sense not only does every angular 
point in the perimeter of the polygon approach in the trans- 
ition to the limit indefinitely near to the curve, but every 
side of the polygon tends also indefinitely to coincidence with 
the curve. In virtue of this latter condition the value of 
Ay . 

in the polygon tends as Ax is diminished to that of 

dy . 

-7- m the curve. It is evident that this condition will be 

realized if the angles of the polygon in its state of transition 
are all salient, and tend to ir as their limit. 

But suppose the angles to be alternately salient and re-en- 
trant, and, while the sides of the polygon are indefinitely 
diminished, to continue to be such without tending to any 
limit in which that character of alternation would cease. 
Here it is evident that while every point in the circumference 
of the polygon approaches indefinitely to the curve, its linear 
elements do not tend to coincidence of direction with the 

curve. Here then the limit to which ^ approaches in the 

polygon is not the same as the value of ^ in the curve. 

If then the solutions of an equation of differences of the 
first order be represented by geometrical loci, and if, as Ax 
approaches to 0, these loci tend, some after the first, some 
after the second, of the above modes to continuous curves ; 
then such of those curves as have resulted from the former 
process and are limits of their generating polygons in re- 
spect of the ultimate direction of the linear elements as well 
as position of their extreme points, will alone represent the 
solutions of the differential equations into which the equation 
of differences will have merged. This is the geometrical 
expression of the principle of continuity. 
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The principle admits also of analytical expression. As- 
suming h as the indeterminate increment of x, let y„ y x+ht 
y*+s» De the ordinates of three consecutive points of the 
polygon, let </> be the angle which the straight line joining 
the first and second of these points makes with the axis 
of x, the corresponding angle for the second and third of the 
points, and let yjr — <j>, or 0, be called the angle of contingence 
of these sides. 

Now, 

tan <f> = Vx ^~ Vx , tan^ = ya * rt ~ y '+», 

y r +»-y*+> y^-y* 

tan0 = i * 



l+ h ' ~~ h 

h 

Ai * h h 
Now, since h = Ax, we have, 

y x +x -y x = &y*, 

y x +* - tyx^+yx = A 2 ^, 

yx*»-yx+* = &yz + tfy x . 

Therefore replacing y x by y, 

\AxJ Ax Ax 

Now the principle of continuity demands that in order 
that the solution of an equation of differences of the first 
order may merge into a solution of the limiting differential 
equation, the value which it gives to the above expression 
for tan 6 should, as Ax approaches to 0, tend to become 
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infinitesimal; since in any continuous curve or continuous 
portion of a curve tan 6 is infinitesimal. Again, that the 
above expression for tan 6 should become infinitesimal, it is 

Afy 

clearly necessary and sufficient that should become so. 

5. The application of this principle is obvious. Sup- 
posing that we are in possession of any of the complete 
primitives of an equation of differences in which Aa: is in- 
determinate, then if in one of those primitives, the value of 

Afy 

Ax being indefinitely diminished, that of -~ tends, inde- 
pendently of the value of the arbitrary constant c, to become 
infinitesimal also, the complete primitive merges into a com- 

AV 

plete primitive of the limiting differential equation ; but if -~- 

tend to become infinitesimal with Ax onlv for & particular 
value of c, then only the particular integral corresponding to 
that value merges into a solution of the differential equation. 

We have seen that when an equation of differences of 
the first order has two complete primitives standing in the 
mutual relation of direct and indirect integrals, each of them 
represents in geometry a system of envelopes to the loci 
represented by the other. Now suppose that one of these 
primitives should, according to the above process, merge 
into a complete primitive of the limiting differential equa- 
tion, while the other furnishes onlv a particular solution ; 
then the latter, not being included in the complete primi- 
tive of the differential equation, will be a singular solution, 
and retaining in the limit its geometrical character, will be a 
singular solution of the envelope species. Hence, the re- 
markable conclusion that those singular solutions of differential 
equations which are of the envelope species, originate from 
particular primitives of equations of differences ; their isolation 
being due to the circumstance that the associated particular 
primitives of the equation of differences, not possessing that 
character which is required by the principle of continuity, are 
unrepresented in the solutions of the differential equation. 

In the following examples we shall confine ourselves to 
those indirect integrals which arise from the supposition that 
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the equation Ac = 0 is wholly rejected in the process of 
derivation from the given complete primitive, Art. 2. The 
other indirect integrals will, as is obvious from the mode 
of their formation, generally be of the purely discontinuous 
species. 

Ex. 6. The differential equation y = x ^ + has for 
its complete primitive 

y=cx + c* (a), 

and for its singular solution, which is of the envelope species, 

y =z r W- 

It is required to trace these back to their origin in the 
solution of an equation of differences. 1st, Taking the dif- 
ference of the complete primitive, Ax being indeterminate and 
c a mere constant, we have 

Ay = c Ax. 

Hence c = and substituting in the complete primitive, 
we have 

—SL*@S «>• 

This is the equation of differences sought. 

Taking the difference of (a), Ax being still indeterminate 
but c a variable parameter, we have 

Ay = cAx + xAc + AxAc 4- 2cAc + (Ac)*, 

which, equated with the previous value of Ay, gives on 
dividing by Ac 

Ac + 2c = - (x + Ax) f 
an equation of differences for determining c. 

To solve the equation, it is desirable to reduce it to the 
ordinary form in which the increment of the independent 
variable is unity. Let then Ax = h t and let x = ht, then 

Ax = hAt ; .\ A*=l. 
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And we have 

Ac + 2c = -h (*+l), 
the integral of which is 

c-«(-l)'-AQ + I) 

whence, substituting in (a), 

, ha (-if h* a? ,,, 

=«' — r~ + t 6 -i 

It results then that (c) has for complete primitives (a) and 
(d), k being equal to Ax. 

2ndly. To determine tan0 for the primitive (a), we have 

Ay — cAx, A 7 y = 0, 

whence, substituting in (1), we find tan 0 = 0. Thus the 
complete primitive (a) merges without limitation into a com- 
plete primitive of the differential equation. 

But employing the complete primitive (d), we have 

Ay = ka (-1)* , 



Hence 



Ax v ' 2 



Now this value does not tend to 0 as h tends to 0, unless 
a=0. Making therefore a=0, /i = 0, in (d), we have as 
the limiting value of y 

x 2 

and this agrees with (b). 
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Thus while the complete primitive of the differential 
equation comes without any limitation of the arbitrary con- 
stant from the first complete primitive of the equation of 
differences, the singular solution of the differential equation 
is only the limiting form of a particular primitive included 
under the second of the complete primitives (d) of the equa- 
tion of differences. Geometrically, that complete primitive 
represents a system of waving or zigzag lines, each of which 
perpetually crosses and recrosses some one of the system of 
parabolas represented by the equation 

y=a--. 

As h tends to 0, those lines deviate to less and less distances 
on either side from the curves ; but only one of these tends 
to ultimate coincidence with its limiting parabola. 

When the given complete primitive of the differential 
equation is homogeneous with respect to a?, and any con- 
stant other than of integration, it suffices to form the equation 
of differences on the hypothesis that Ax = 1, and examine 
the form which its solution assumes when the above quan- 
tities tend to become infinite, still retaining a finite ratio 
to each other. The following somewhat difficult problem 
illustrates this, and at the same time affords a valuable 
exercise in the treatment of functions of large numbers. 

Ex. 7. The differential equation 

dy m 

dx 

has for its complete primitive 

y = cx + T (a), 

c 

and for its singular solution 

y* = Amx. 

It is required to trace these to their origin. 

The complete primitive (a) is homogeneous with respect 
to x, and m, which it is therefore permitted to make infinite 
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together, while c remains finite. Regarding Ax as 1, we 
are led to the equation of differences 

A m 

To complete the cycle of primitives of this equation, we 
have from (a) in the usual way 



m 



c(c + Ac)= — 

To integrate this, take the logarithm of each member, and, 
putting log c = v x1 we have 

whence 

V, = (- I)" {S p\y, log ^ + log a} , 
log a being an arbitrary constant. Hence 

the last term but one being positive if a; be odd, negative if x 
be even. 

Hence, according as a; is odd or even, 

, 2 .4 ... (x — 1) am , 1.3...(a?~l) 
1 . 3 ... x ° (2 . 4 ... x)a 

Therefore under the same restrictive conditions 

2 .4 ... (x— 1) am 1.3...(&— 1) /T , 

c = =—5 or , v — r-^ (J). 

1 .3 ... x (2 .4 ...fic)a w 

Whence, by (a), according as a; is odd or even, 

_ 2 . 4 ... (a; — 1) am 1.3. ..a; 
y ~ 1.3...(a;-2) + 2.4 ... {x-l)a* 

— 1 ■ 3 *" ( a ~ *) (2 . 4 ...a?) am 
y ~2.4...(a;-2)a + 1.3... (a;-!)' 
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these together constituting an indirect integral of the given 
equation. 

Hence, putting for the present y x for y regarded as a func- 
tion of x, we have 

_ 1.3... (2a? -1) (2. 4. ..2a?) am 
2.4... (2x-2)a 1.3... (2a?-l)' 

_ (2.4...2a?)qm 1.3... (2a?+l) 
1.3...(2a?-l) + (2.4... 2a?) a ' 

_ 1.3... (2a; + 1) 2 . 4 ... (2a? + 2) am 
V ™* (2.4...2a?)a 1 .3 ... (2a?+ 1) ' 

Now if we suppose x large and reduce the factorials by 
the method illustrated in Ex. 5, Chap, vi., we find 

»- = (S - ii) \ + (•* + S ) - w . 

Hence 

u^ma 

y^~y^x — • 

Therefore A'y* = 2 yte+1 + y tt 



7r*ma 



2a? 1 9r*a:»a 



(rf). 



Before we can deduce any conclusions from this expres- 
sion we must determine of what order of magnitude a is 
to be considered. 

B. F. D. 10 
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The general expression for y te in the new primitive is 
deduced from that of y in the original complete primitive 
by changing x into 2x, and making 

_ 1.3...(2a;-l) 
°*~ (2.4... 2x) a ' 

Therefore 

1 .3 ... (2x- 1) 
a ~ (2.4...2x)c 

1 

~ c<J{2irx) 1 

x tending to infinity. Hence, since c is finite, a is of the 

same order of magnitude as -j- . But m is of the same order 

as Hence the terms of the right-hand member of (d) are 
of such an order as to be finite, and the condition that that 
member must itself be infinitesimal gives 



whence 




Substituting this in (c) and reducing, we have 

y„ = 2 </(2mx), 

or y fa5 2VM; 
whence, restoring y for y x , 

y a = Imx. 

A similar result might be deduced by employing y^ for y 



Singular Solutions. 

6. The following proposition, due to Poisson (Journal 
de VEcole Potyteckmque, Tom. vi. p. 60), contains a theory 
of the singular solutions of equations of differences similar 
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to that of Laplace for differential equations. The student 
must particularly notice the hypothesis upon which the de- 
monstration rests. 

Prop. If an equation of differences of the first order of 
the form 

(i) 

be satisfied byy = M, and if on developing f(x, u + z) in 
ascending powers of z the index of z in the second term be less 
than unity, then y = u will be a singular solution. But if 
that index be equal to or greater than unity, y = u will be a 
particular integral. 

Poisson begins by laying down the hypothesis that if y = u 
be a particular integral obtained hy making the arbitrary con- 
stant G— a in a complete primitive, that primitive will be 
expressible in the form 

y = w+(C r -a) a X 1 +(a-a)^X a ..., 

a, /9, 7 . . . being ascending, positive, and constant indices. He 
then proceeds to investigate a method by which the values of 
these^indices and the forms of the functions X l9 -5T a , &c. can be 
determined, regarding the failure of such method as an in- 
dication that the supposed particular primitive is a singular 
solution. 

If we replace (C — a) a by c the above equation assumes 
the form 

y = u + cX x + <?X % + cPX 9 + &c. (2) , 

a, &c, being ascending, positive, and constant indices 
greater than unity. 

Hence, substituting in (1) 

Au + cAXj + (fAX 2 + &c =/(#, u + cX x + c«X 2 . . .), 

or assuming 

cX t + c a X 9 + &c. = 3, 
Aw + cAX x + (fAZ, . . . =/ (x, u + z) (3) . 

Now suppose the second member developable in the form 
/(a?, u) +/ t (a?, u) z m +f t (a>, u) z n + &c, 

10—2 
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the indices m, n, &c. being positive constants, the values of 
which will be known from the constitution of the function 
f(x, u). Then replacing z by the series for which it stands, 
and observing that Aw=/(x, u), (3), becomes 

cAX 4 + c*AZ„ + &c. =f x (x, u) (cX, + c\X" s . . .)* 

+/.(*> u)(cX % + <?X t ...) n 
+ &c, 

or, developing the second member in ascending powers of c, 
cAX t + c*AJl, ... =/, (x, u) X?c m + <j> (x) €« + &c (4). 

Now first let m = 1, then equating the first terms of the two 
members, we have 

an equation of differences for determining X r This being 
found, we should have on equating the second terms of the 
members of (4) another equation of differences for determining 
X t , and so on. 

Secondly, let m be greater than 1 ; then making AX t = 0, 
which determines X t as a constant, and assuming a = w, 
we get 

*X,-f t {x, u) Xf, 

which determines X 99 and so on. Here then also the particu- 
lar integral can be completed. 

But, thirdly, if m be less than 1 the two members of (4) 
cannot be made to agree. The supposed primitive cannot be 
completed, and is shewn to be a singular solution. 

Poisson illustrates the above theory in the equation 
of which a complete primitive is 
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and for which he obtains the singular solution 

The direct process involving the employment of Cardan's 
rule for determining Ay as a function of x and y being com- 
plicated, it is better to proceed as follows. Poisson's rule at 
once leads to the condition 

|(A y )=co, or^ = 0. 

Applying this to (a) we get 

(4)»(Ay)«-l=0, 

whence eliminating Ay by means of (a) we have the result in 
question. It must be ascertained by trial that it satisfies the 
equation (a). 

If we attempted to deduce the above species of solutions 
directly from the complete primitive we should have to inves- 
tigate the singular solution of the equation for determining c ; 
so that the above process would still have to be employed. 

Poisson says nothing about the geometrical character of 
these solutions. But it is clear from what has been shewn in 
the foregoing articles that they are not in any peculiar sense 
the primal forms of those singular solutions of differential 
equations which are geometrically interpreted as envelopes. 
They are of extremely rare occurrence, and I should not have 
deemed it worth while to notice them but for the double 
object of directing attention to a subject which seems to need 
further investigation, and of shewing how in those cases in 
which Poisson's hypothesis is realized a particular solution 
of an equation of differences may be completed. 
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[CH. VIII 



EXERCISES. 

1. Find a complete primitive of the equation 

(Ay-a)(Ay-£)=0, 

which shall satisfy it by making Ay = a for even, and Ay = b 
for odd, values of x. 

2. The equation 

* 2*+lV 2x+l) 

is satisfied by the complete primitive y = cx* + c\ Shew that 
another complete primitive 

H«<->--?H 

may thence be deduced. 

3. Shew that a linear equation of differences admits of 
only one complete primitive. 

4. The equation 

has y = ca?+<? for a complete primitive. Deduce another 
complete primitive. 

5. In what sense are the complete primitives of an equation 
of differences of the first order said to be connected by a law 
of reciprocity? 
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CHAPTER IX. 

LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS. 

1. The symbolical methods for the solution of differential 
equations whether in finite terms or in series (Dtff, Equations, 
Chap, xvii.) are equally applicable to the solution of equations 
of differences. Both classes of equations admit of the same 
symbolical form, the elementary symbols combining according 
to the same ultimate laws. And thus the only remaining 
difference is one of interpretation, and of processes founded 
upon interpretation. It is that kind of difference which 

exists between the symbols f ) and 2. 

It has been shewn that if in a linear differential equation 
we assume x = e*, the equation may be reduced to the form 

/. © « +/, © «*« +/, © <?« ... +/. © «*« = U, 

(1), 

U being a function of 0. Moreover, the symbols and e 9 
obey the laws, 



(2). 



And hence it has been shewn to be possible, 1st, to express 
the solution of (1) in series, 2ndly, to effect by general 
theorems the most important transformations upon which 
finite integration depends. 
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d d 
Now ^ and e* are the equivalents of a; ^ and x, and it is 

proposed to develope in this chapter the corresponding theory 
of equations of differences founded upon the analogous employ- 
ment of the symbols x ^ and xD supposing Ax arbitrary, and 
therefore 

A<f> (a?) = <f>(x + Ax) — <f> (x), 
D<f> (x) = <f> (x + Ax). 

Prop. 1. If the symbols ir and p be defined by the equations 

nr=x ik> p = xD ( 3 )> 



Ax 

they will obey the laws 

f(Tr)p»u = p m f{ir + m)u 

the subject of operation in ike second theorem being unity. 



) (4). 



1st. Let Ax = r, and first let us consider the interpretation 
of pX« 

Now pu x = xDu x = xu^. ; 

/. p*u x = pxu^ = x(x + r) , 

whence generally 

p m u a = + r) ... [x+ (m- 1) r] u^, 

an equation to which we may also give the form 

p m u m = x (x+ r) ... {x + (m - 1) r) ITu 9 (5). 

If u, = 1, then, since u^^ = 1, we have 

p m l =x(x+r) ... [x+ (m — l)r}, 

to which we shall give the form 

p m — x(x + l) ... {»+ (m — l)r}, 
the subject 1 being understood. 
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2ndly. Consider now the series of expressions 
irp m u x , 7ryX > * • * Tr n p m u x . 

Now 

irp m u x = x x (x + r) ... {x + (m - 1) r} u 



(o?4-r) . . . (sc+7ftr) t^p^r - a?. . . {a; + (m— 1) r] 

r 

r . / *\ i (a; + mr) u i \ r — xu x , mr 
= x ... [x+ (w— 1) r}- / «twitv r £±««: 

= x ... + (m- 1) r} iT ^V- (»-«*•) 
= f . OTy -(»- W r)», |ty(5)| 

= p m (7T + W) W,. 

Hence 

n*p m u x = wp* + m) w x 
= p m (w + myu x9 

and generally 

T^p m u x = p m (ir + m)*u x . 

Therefore supposing f(w) a function expressible in ascend- 
ing powers of 7r, we have 

f(7r)p m u = p"f(7r + m)u (6), 

which is the first of the theorems in question. 
Again, supposing u — 1, we have 

/(7T)p« 1 = />»/("■+ «)1 

- p m {/<«•) +/»»+-^ *■+ &cj i. 
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But ttI = x ^ 1 = 0, tt»1 = 0, &c. Therefore 

f(ir)p m l= P y(m) 1. 
Or, omitting but leaving understood the subject unity, 

/Wp"=/Wp" (7). 

Prop. 2. Adopting the previous definitions of ir and p, 
every linear equation of differences admits of symbolical ex- 
pression in the form 

fo W W p u * +/* M A* •••+/» W f>X = x . . (8). 

The above proposition is true irrespectively of the parti- 
cular value of Ax, but the only cases which it is of any im- 
portance to consider are those in which Ax=l and — 1. 

First suppose the given equation of differences to be 

X 0 u X¥n + Xju^ ... + X w w x = </>(*) (9). 

Here it is most convenient to assume Ax = 1 in the expres- 
sions of 7t and p. Now multiplying each side of (9) by 

x (x + 1) ... (x + n — 1), 
and observing that by (5) 

xu^ x = pu x , x(x + l) u^ = pV,, &c., 
we shall have a result of the form 

& (*) + <fc (*) pu* • • • + <f>n (*) pX = & (*) . . • ( 1 0) . 
But since Aa? = 1, 

7r = xA, p = ajD 

= x A + a;. 

Hence 

<r = -7r + p, 

and therefore 

<M*) p)> <M*) = ft(-7r + p),&c. 

These must be expressed in ascending powers of p, regard 
being paid to the law expressed by the first equation of (4). 
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The general theorem for this purpose, though its applica- 
tion can seldom be needed, is 

F t (*-,)- F. W - * x W P + F t W 

-Wn£r 3 +&c (")• 

•where F t (ir), F t (ir), &c, are formed bjthe law 

* 

(Biff. Equations, p. 439.) 
The equation (10) then assumes after reduction the form (8). 

Secondly, suppose the given equation of differences pre- 
sented in the form 

X 0 w x + XjU^ . . . + X^^— X, (12). 

Here it is most convenient to assume Ax = — 1 in the ex- 
pression of 7r and p. 

Now multiplying (12) by x (x — 1) ... (a; — n+ 1), and ob- 
serving that by (5) 

= pu x , x(x-l) p*u x , &c, 
the equation becomes 

& ( x ) u * + ft (*) P u * ••• + ft (*) = 
but in this case as is easily seen we have 

x = tt + p, 

whence, developing the coefficients, if necessary, by the theo- 
rem 

K (*■ + p) =F Q (tt) + F 1 (tt) p + Ft (tt) ^ + &c. ...(13), 

where as before 

^M=i^(7r)-i^>-l), 
we have again on reduction an equation of the form (8). 
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2. It is not always necessary in applying the above 
methods of reduction to multiply the given equation by a 
factor of the form 

x(x + l)... (x + n-l), otx(x-1) ... (a?-n + l), 

to prepare it for the introduction of p. It may be that the 
constitution of the original coefficients X 0 , X x ... X n is such as 
to render this multiplication unnecessary; or the requisite 
factors may be introduced in another way. Thus resuming 
the general equation 

X 0 u t + ... + X n u^ = 0 (14), 

assume 

u - v * 
1 .2 . . . x 

We find 

X^ + XjXv^... +X n x (x — 1) ... (oj — n+ 1) fV-n = 0... (15). 
Hence assuming 

A 

7r==aj a5' 

where Ax = — 1, we have 

X^, + . . . + X w p n v a = 0 (16) , 

and it only remains to substitute 7r + p for x and develope the 
coefficients by (13). 

3. A preliminary transformation which is often useful 
consists in assuming u g = fi*v x . This converts the equation 

X 0 u x + Xft^ • • • + = 0 (17) 

into 

fSXj,, + if+Xp^ ... X n v_ n = 0 (18), 

putting us in possession of a disposable constant /*. 

4. When the given equation of differences is expressed 
directly in the form 

X 0 A n u + X l A*^ i u ... + X n u = 0 (19), 

it may be convenient to apply the following theorem. 



Digitized by Google 



ART. 4.] WITH VARIABLE COEFFICIENTS. 157 

Theorem. If 7r = a?^, p = xD, then 

7T (7T — 1) ... (iT-n + l) U = x(x+Ax) ... 

{x+(n-l)*x)(£-)u (20). 

To prove this we observe that since 

F(7r) p n u = p n F(ir + n) w, 
therefore F(ir + n)u = p~*F (it) p*u, 

whence F{ir — n) u = p n F (ir) p~*u. 

Now reversing the order of the factors 7r,7r— l,...7r— n+lin 
the first member of (20) and applying the above theorem to 
each factor separately, we have 

(iT — W+ 1) (7T — n-f 2) . .. iru 



= p irp p ntp . . . ttu 
= p'(p- l 7r)'u. 

But pW = (xDrx±=D->x> X ±=Br>^; 

t A \ n 

.'. (7T-n + 1) (7T-71 + 2) ... 7T = p W -£- x ) 

But p n tt = x(a; + r) ... {x + (n - 1) r) IPu, whence 
(7r-w+l)(7r-n + 2)...7TM = a;(a; + r)...{a;+ (n- l)r) f^J w, 
which, since r = Ax, agrees with (20). 

When Ax = 1, the above gives 

it (tt- 1) ... (w-n + 1) = x(x + l) ... (a? + n- 1) A\..(21). 

Hence, resuming (19), multiplying both sides by 

x(x + l) ... (x + n- 1), 



Digitized by Google 



158 LINEAR EQUATIONS [CH. IX. 

and transforming, we have a result of the form 

£ 0 (x) 7T(7T-1) ...(7T — n + 1) u 

+ ^ (x) 7T (tt — 1) ... (7T — n + 2) + &C. = 0. 

It only remains then to substitute x = — tt + p, develope the 
coefficients, and effect the proper reductions. 

Solution of Linear Equations of Differences in series. 

5. Supposing the second member 0, let the given equation 
be reduced to the form 

/o W * +/i W +/, W A ••• +/.M A = o (22), 

and assume u = 2a m p m . Then substituting and attending to 
the first equation of (4), we have 

2 {/. W a.f+fi W ^ ... +/. W ^""l =0, 
whence, by the second equation of (4), 

2 {/. W (« + 1) +/. (■»+«) = o, 

in which the aggregate coefficient of p m equated to 0 gives 

/• M +/i W •••+/» M = 0 (23). 

This, then, is the relation connecting the successive values 
of a m . The lowest value of m, corresponding to which a m is 
arbitrary, will be determined by the equation 

fo (») - 0, 

and there will thus be as many values of u expressed in series 
as the equation has roots. 

If in the expression of tt and p we assume Aa?= 1, then 
since 

p m = x{x + l) ... (x + m-1) (24), 
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the series Sa*/)" 1 will be expressed in ascending factorials of 
the above form. But if in expressing ir and p we assume 
Ax = — 1, then since 

p m = x(x-\) ... (x-m+ 1) (25), 

the series will be expressed in factorials of the latter form. 

Ex. 1. Given 
(x-a) u x - (2x-a- 1) (1-q*) (x-l)u x _ % = 0; 

required the value of u K in descending factorials. 

Multiplying by x, and assuming -rr = x ^ , p = xD, where 
Ax = — 1, we have 

x (x - a) u x - (2a; - a — 1) pu x + (1 — <f) p 9 u x = 0, 

whence, substituting tt + p for x, developing by (11), and 
reducing, 

w (tt - a) u x - qYu x = 0 (a). 

Hence w x = %a„p m , 

the initial values of a m corresponding to m = 0 and w = a 
being arbitrary, and the succeeding ones determined by the 
law 

m(m-a) a m -q 3 a m _ t =0. 
Thus we have for the complete solution 

* I 2 (2 — a) 2 . 4 . (2 — a) . (4 — a) J 

+ + 2$S) + 2 .4(2^7Ua) +&C j » 

It may be observed that the above equation of differences 
might be so prepared that the complete solution should admit 
of expression in finite series. For assuming u, = /i*v x , and 
then transforming as before, we find 
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/Sir (w - a) v 9 + (ji* - fi) (2tt - a - 1) pv, 

+ l(^-i) , -2 , IA=o 

which becomes binomial if /* = 1 ± q, thus giving 
7r (7r — a) v x + - — - (27r — a — 1) pv s = 0. 



Hence we have for either value of fi, 

u x — fita m p m = fi x ta n ^;(x-l) ... (x—m + 1) (d), 

the initial value of m being 0 or a, and all succeeding values 
determined by the law 

a — I 

m(m-a) a m + (2m -a- 1) = 0 (e). 

It follows from this that the series in which the initial value 
of m is 0 terminates when a is a positive odd number, and the 
series in which the initial value of m is a terminates when a is 
a negative odd number. Inasmuch however as there are two 
values of fi, either series, by giving to ji both values in suc- 
cession, puts us in possession of the complete integral. 

Thus in the particular case in which a is a positive odd 
number we find 



The above results may be compared with those of p. 454 of 
Differential Equations. 





+ 



q* (I -a) (3-a)x m 
(1+2)" 1.2(1 -a) (3 -a) 



+ &c.\...(k). 
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Finite solution of Equations of Differences, 

6. The simplest case which presents itself is when the 
symbolical equation (8) is monomial, i. e. of the form 

/.(*)«-•* (26). 

We have thus 

« = If. MP* (27). 

Resolving then {f 0 (tt)]" 1 as if it were a rational algebraic 
fraction, the complete value of u will be presented in a series 
of terms of the form 

a{tt- a yx. 

But by (4) we have 

(tt - ayX = p a (tt) h p-*X (28). 

It will suffice to examine in detail the case in which Ax = 1 
in the expression of it and p. 

To interpret the second member of (28) we have then 
p a <f>(x) =x(x + l) ... (x + a — 1) <f>(x + a), 

M - <j>(x-a) 

p * W_ (* + l)(z + 2) ...(* + «)' 

= 2-2-... 6(x) ; 
x x r v ' 

the complex operation 2 ^ , denoting division of the subject 
by x and subsequent integration, being repeated i times. 

Should X however be rational and integral it suffices to 
express it in factorials of the forms 

x, x{x + l), x(x + l) (oj + 2), &c. 

B. F. D. 11 
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to replace these "by p> p*, p*, &c. and then interpret (27) at 
once by the theorem 

= {f 0 {m)}~ l x(x + l) ... (x + TTi-1) ...(29). 

As to the complementary function it is apparent from (28) 
that we have 

(tt - a)"* 0 = p a TT 0. 
Hence in particular if i — 1, we find 

(7r-a)- 1 0 = i [)V" , 0 
= p a tx- 1 0 
= Cp a 

= Cx(x + l) ... (x + a-l) (30). 

This method enables us to solve any equation of the form 

x(x + l) ... {x + w-1) ATu + Ap (x + 1) ... 

... (x + n-2) & n ~ l u... + A n u = X (31). 

For symbolically expressed any such equation leads to the 
monomial iorm 

{-7T (7T — 1) ... (TT — 11 + 1) +-4^ (7T — l) ... 

... (*r-n + 2) ...+A H }u = X (32). 

Ex. 2. Given 

x (x + 1) - 2xAu + 2u = x(x + l) (x + 2). 

The symbolical form of this equation is 

tt (7r - 1) w - 2iru + 2u = x (x + 1) (x + 2) (a), 

or (7r*-37r+2) u = p*. 

Hence « = (tt* - 3?r + 2)" 1 

= (3 2 -3x3 + 2)-y 
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since the factors of 7r*-37r + 2 are 7r-2 and tt — 1. Thus 
we have 

x(x + l) (a? + 2) ~ , -% ^ _ % 

m= 2 + l * ( x + X ) + ^ (*)• 

Binomial Equations. 

7. Let us next suppose the given equation binomial and 
therefore susceptible of reduction to the form 

u + <f>(ir)p n u=U (33), 

in which U is a known, u the unknown and sought function 
of x. The possibility of finite solution will depend upon the 
form of the function <f> (-w), and its theory will consist of two 
parts, the first relating to the conditions under which the 
equation is directly resolvable into equations of the first order, 
the second to the laws of the transformations by which 
equations not obeying those conditions may when possible be 
reduced to equations obeying those conditions. 

As to the first point it may be observed that if the equa- 
tion be 

u+ JrbP tt ' u ( 34 )- 

it will, on reduction to the ordinary form, be integrable as an 
equation of the first order. 

Again, if in (33) we have 

(f>(7r) = yfr (ir) yfr (tt — I) ... ijr (ir — » + 1), 

in which ^ (?r) = ^— ^ , the equation will be resolvable into 

a system of equations of the first order. This depends upon 
the general theorem that the equation 

u + a x <f> (7r) pu + a s <l> (ir) <p (tt — 1) p*u ... 

+ a n <j> (ir) <f> (-tt — 1) ... <f> (w — n + 1) p n u = U 

11-2 
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may be resolved into a system of equations, of the form 

u — q<f> (7r) pu = U> 

q being a root of the equation 

q n + a x q n ' x + a % q n ~* ... + a n = 0. 

(Deferential Equations, p. 405.) 

Upon the same principle of formal analogy the propositions 
upon which the transformation of differential equations depends 
(TJ.pp. 408-9) might be adopted here with the mere substitution 
of ir and p for D and e*. But we prefer to investigate what 
may perhaps be considered as the most general forms of the 
theorems upon which these propositions rest. 

From the binomial equation (33), expressed in the form 
we have 

«-={l + *(w)pT 3 

and this is a particular case of the more general form, 

u = F{<f>(ir)p 9 } U (35). 

Thus the unknown function u is to be determined from the 
known function Z7bv the performance of a particular operation 
of which the general type is 

F{<f>(-r)p'}. 

Now suppose the given equations transformed by some 
process into a new but integrable binomial form, 

v + yfr (tt) p n v = V t 

V being here the given and v the sought function of a;. We 
have 

v = {l++(7T)pTV, 

which is a particular case of F{\fr (tt) p*} V, supposing Fify to 
denote a function developable by Maclaurin's theorem. It is 
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apparent therefore that the theory of this transformation must 
depend upon the theory of the connexion of the forms, 

Let then the following inquiry be proposed. Given the 
forms of <j> (tt) and yfr (ir) 9 is it possible to determine an 
operation % (ir) such that we shall have generally 

n<f> W p n ) x M x W F W W p n ) x ( 36 )> 

irrespectively of the form of X? 

Supposing F(t) = t f we have to satisfy 

<P W P % X W X W + W (37). 

Hence by the first equation of (4), 

<f> (tt) % (tt - n) p n X =f(f)x (tt) p n X, 

to satisfy which, independently of the form of X, we must have 

fWxW=*Wx(' r -«); 
x (7r) = $§ x(7r ~ n) ' 

Therefore solving the above equation of differences, 

XW U2 -^(7r)- 
Substituting in (37), there results, 

or, replacing P n £M X by X x , 
and therefore X by |p n * X» 

♦M«-*$$*«d p -$$F*- 
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If for brevity we represent P n by P, and drop the 
suffix from X x since the function is arbitrary, we have 

</> (tt) p n X= Pf (tt) //P^X 

Hence therefore 

{<£ (tt) p n } 8 X = Pf (tt) ^P" 1 2> (tt) //P" 1 X 

and continuing the process, 

Supposing therefore -F(tf) to denote any function develop- 
able by Maclaurin's theorem, we have 

F{<j> (tt) p n }X=PF{f (tt) /,-} P"X. 

We thus arrive at the following theorem. 

Theorem. The symbols w and p combining in subjection to 
the law 

f{ir)p m X=p m f{7r + m)X ) 

the members of the following equation are symbolically 
equivalent^ viz. 

Pft W A -P.^F W p'} P. ±& (38). 

A. From this theorem it follows, in particular, that we can 
always convert the equation 

u + <f> (tt) p n u = U t 

into any other binomial form, 

r • r> <f> (tt) 

by assuming « = P. ^ v. 



Digitized by Google 



ART. 8.] WITH VARIABLE COEFFICIENTS. 167 

For we have 

u = {1 + <f> (w) p*} -1 U 

whence since 

v = {1 + ^ (tt) p*}- 1 F, 
it follows that we must have 

F _ P f M tt U _ P 4>M „ 

In applying the above theorem, it is of course necessary 
that the functions <f> (w) and (w) be so related that the 

continued product denoted by P n T^y should be finite. The 

conditions relating to the introduction of arbitrary constants 
have been stated with sufficient fulness elsewhere, (Differential 
Eqttations, Chap. XVII. Art. 4). 

B. The reader will easily demonstrate also the following 
theorem, viz: 

F{<f> (tt) p n ] X= p m F{<f> (tt + m) p n ] p-™ X t 

and deduce hence the consequence that the equation 

u + <f> (tt) p n u = IT, 

may be converted into 

v + <j> (tt + m) p* v = p~** U, 

by assuming u = p m v. 

8. These theorems are in the following sections applied to 
the solution, or rather to the discovery of the conditions of 
finite solution, of certain classes of equations of considerable 
generality. In the first example the second member of the 
given equation is supposed to be any function of x. In the 
two others it is supposed to be 0. But the conditions of 
finite solution, if by this be meant the reduction of the dis- 
covery of the unknown quantity to the performance of a finite 
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number of operations of the kind denoted by 2, will be the 
same in the one case as in the other. It is however to be 
observed, that when the second member is 0, a finite integral 
may be frequently obtained by the process for solutions in 
senes developed in Art. 5, while if the second member be X, 
it is almost always necessary to have recourse to the trans- 
formations of Art. 7. 

Discussion of the equation 
(ax + b)u x +(cx + e)u x _ l +(jx + g)u x ^ = X. (a). 

Consider first the equation 

(ax + b) u x + (cx + e) u^ x +f(x - 1) = X (b). 

Let u x = p,*v x , then, substituting, we have 

fj? {ax + b) v x + p> {cx + e) v^ t +f{x-l)v x _ 9 = pT***X. 

A 

Multiply by x and assume 7r = aj ^> p — xD t in which 
Ax = — 1, then 

ft* (ax* + bx) v x + p, (cx + c) pv x +fp\ — xpT^X, 

whence, substituting it + p for x and developing the coeffi- 
cients, we find 

ft* (a7r*+ bir) v x + p, {(2ap, + c) it + (b — a) p. + e] pv x 

+ (ap* + cp, +/) p*v x = xpT^X (c), 

and we shall now seek to determine p. so as to reduce this 
equation to a binomial form. 

1st. Let p> be determined by the condition 

ap? + cp+f=0, 

then making 

Zap, + c = A , (b - a) p, + 6 = B, 
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we have 

a/vr [nr + 1) v x + A (tt + ^) /w. = xil*+ 1 X, 



or 



or, supposing F* to be any particular value of the second 
member obtained by Art. 6, for it is not necessary at this 
stage to introduce an arbitrary constant, 

B 

This equation can be integrated when either of the func- 
tions, 

B B__b 
A' A a> 

is an integer. In the former case we should assume 

TT +- 

a 

whence we should have by (A), 

*• + - 

v.-^—^w* W m =P t — T-jj V. (/). 

In the latter case we should assume as the transformed 
equation 

w ' + i^ w - =TF * w> 
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and should find 

B b 

— w,=p t — If. (k). 

W+- *+ 2 

The value of W m obtained from (/) or (h) is to be sub- 
stituted in (e) or (g), w x then found by integration, and v x 
determined by (f) or (h). One arbitrary constant will be 
introduced in the integration for w xf ana the other will be 
due either to the previous process for determining W XJ or to 
the subsequent one for determining v x . 

Thus in the particular case in which -j is a positive inte- 
ger, we should have 

2) (*+ 2 - *) - {n+ ^F' 0 ' 

a particular value of which, derived from the interpretation 
of (w + 0 and involving an arbitrary constant, will be 

found to be ^ . Substituting in (e) and reducing the 
equation to the ordinary unsymbolical form, we have, 

fi (ax + b) w x +(A- fia) xw^ = , 
and w x being hence found, we have 

v *=( w + ^) (tt + |- i)...(tt+1) 

for the complete integral. 

2ndly. Let fi be determined so as if possible to cause the 
second term of (c) to vanish. This requires that we have 

2ap + c = 0, 

(b — a)fi + e = 0, 

and therefore imposes the condition 

2ae + {b - a) c = 0. 
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Supposing this satisfied, we obtain, on making fi = 



— c 



2a 9 

or, representing any particular value of the second member 
by V y 



where 

an equation which is integrable if ^ be an odd number whe- 
ther positive or negative. We must in such case assume 

and determine first W x and lastly v x hy A. 

To found upon these results the conditions of solution of 
the general equation (a), viz. 

(ax + b) u x + (cx + c) ^ + (/c 4- w«_ 8 = X, 

assume 

> + <7=/(*'-l), 

Then 

+ (as' + e-c ^) +/(*' - 1) = 

comparing which with (5) we see that it is only necessary in 
the expression of the conditions already deduced to change 

, . 7 a (1 + <7) • c(l + q) 
b into 6 v j. , e mto 6 f 



Digitized by Google 



172 LINEAR EQUATIONS [CH. 

Solution of the above equation when X =0 by definite 

integrals. 

9. If representing u 9 by u we express (a) in the form 
(ax + b) u + (cx + e) e "w-f (/c +#) e = 0, 

or 

a; (a + <*' s +./£~'=) w + (b + <*~^+ #e~^) m = 0, 

its solution in definite integrals may be obtained by Laplace's 
method for differential equations of the form 

**(£) tt+ *©"=°' 



particular integral of which is of th 

rJ* + J*W> M 

City 



u=cj- 



the limits of the final integration being any roots of the 
equation 

See Differential Equations, Chap. XVIII. 

The above solution is obtained by assuming u — j€"f(t)dtj 
and then by substitution in the given equation and reduction 
obtaining a differential equation for determining the form of 
f(t), and an algebraic equation for determining the limits. 
Laplace actually makes the assumption 

u=ffF(t)dt, 

which differs from the above only in that log$ takes the 
place of t and of course leads to equivalent results (T7i6orie 
Analytique des Probabilitis, pp. 121, 135). And he employs 
this method with a view not so much to the solution of diffi- 
cult equations as to the expression of solutions in forms con- 
venient for calculation when functions of large numbers are 
involved. 
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Thus taking his first example, viz. 

^-(^ + 1)^=0, 

and assuming u x = ffF(t) dt y we have 

jr i F(t) dt-(x + l)JfF(t) dt=0 (t). 

But 

{x + 1 ) Jf F (t) dt = {F(t)(x+l)f dt 

= F(<)r-/ri?" (t)dt. 

So that (t) becomes on substitution 

jr 1 {F(t) + F' (t)} dt - F(t) r x = 0, 

and furnishes the two equations 

F{t)+F(t)=0, 
F{t)f+ l = 0, 

the first of which gives 

F(t) = or, 

and thus reducing the second to the form 

gives for the limits t = 0 and t = oo , on the assumption that 
x + 1 is positive. Thus we have finally 



the well known expression for T (x + 1). A peculiar method 
of integration is then applied to convert the above definite in- 
tegral into a rapidly convergent series. 

Discussion of the equation 
(ax*+bx + c) u x + («c+/) = 0 (a). 

10. Let u x = ^ * ; then 

fi 2 (ax 9 + bx + c) v, + {ex+f) xv^ +gx (a- 1) = 0. 
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Whence, assuming tt — x , v = xD, where Ax = — 1, we 
have 

fi 9 (ax 2 + bx + c)v s + fi(ex +f) pv g + gp*v s = 0. 

Therefore substituting tt + p for x, and developing by (13), 
ti*(a-n* + bTr + c) +fj, {(2afi + e)ir + (b-a) fi+f] pv 9 

+ (ji*a + /x€ + #) p\=0 (b). 

First, let ft be determined so as to satisfy the equation 

afi* + ep, + g = 0, 

then 

fi (a7r* + for + c) v x + { (2a/* + e) tt + (5 - a) /a +/} />v x = 0. 

Whence, by Art. 5, 

v t = Sa m a? (x — 1) ... (a? — m + 1), 
the successive values of m being determined by the equation 
fi* (am* + bm + c) a m + { (2a/t* + e/t) m + (J - a) /a* + = 0, 

(2a fi e) m + (b — a) fi +f 
° r Gm ~ p,(am* + bm + c) 

Represent this equation in the form 

and let the roots of the equation 

am 2 + bin + c = 0 

be a and £, then, 

Vx = C {*<*> -/(a + 1) x*+* +f (a + l)/(a + 2) *<«+ 2 > - &c.} 

+ C ^+ 1 )+/09+l)/09+2)^-&c.}...(c), 
where generally = x (x — 1) ... (x — p + 1). 
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One of these series will terminate whenever the value of m 
given by the equation 

(2a fi + e)m+(b-a) fi +/= 0, 

exceeds by an integer either root of the equation 

am* +k + c = 0. 

The solution may then be completed as in the last example. 

Secondly, let fi be determined if possible so as to cause the 
second term of (b) to vanish. This gives 

(J, _ a ) p +f= o, 
whence, eliminating we have the condition 

2a/+ (a — b) e = 0. 
This being satisfied, and being assumed equal to 

" §a ' ^ Decomes 

(a^ + for + cR- a(e '~ 4 ^ ^ = 0. 
Or putting A = V(e 8 -4ay) > 

A* , „ 

— 3— P v, = 0, 

7T H 7T H 

a a 

and is integrable in finite terms if the roots of the equation 

m 2 + -m + - = 0 
a a 

differ by an odd number. 

Discussion of the equation 
(ax* + bx + c) A 2 w x + (ex +/) Aw x + gu x = 0. 

11. By resolution of its coefficients this equation is reduci- 
ble to the form 

a(x-a) (x-fi) A*u x +e(x-y) &u x + gu x = 0 .... (a). 
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Now let x — a = x' + 1 and u x = ty , then we have 

a {x' + 1) (a + a - £ + 1) A*ty 

+ e(a?' + a-7 + l) Atv+£tv = 0, 

or, dropping the accent, 

a (x + 1) (x + a-p+ 1) AV, 

+ e(a; + a-7+ 1) Av,+^i>, = 0...(5). 

If from the solution of this equation v x be obtained, the 
value of u x will thence be deduced by merely changing x 
into x — a — 1. 

Now multiply (5) by x, and assume 

A n 

7r = x Ax' p = xD > 

where Ace = 1. Then, since by (20), 

X (X + 1) A\ = 7T (7T— 1) u,, 

we have 

a (a? + a-)S+ 1) 7r (7t- 1) v x 

+ e(a; + a-7+l) 7rv,+^ x = 0. 

But x = - tt + p, therefore substituting, and developing the 
coefficients we have on reduction 

7r {a (ir—a + fi- 1) (ir — 1) +e (7r- a + 7-l) v x 

- (a (tt - 1) (7r-2)+e(7T-l)+^} = .(c). 

And this is a binomial equation whose solutions in series are 
of the form 

v x = Sa m x (x + 1) ... (x + m — 1), 

the lowest value of m being a root of the equation 

m{a (m - a + £ - 1) (w-l)+e (m -a + 7- 1) +#} = 0...(cZ), 

corresponding to which value a m is an arbitrary constant, 
while all succeeding values of a m are determined by the law 

a (m — 1) (m — 2) + e (m — 1) + g 
am ~ m [a (m - a + £ - 1) (w - 1) + e (m - a + y - 1) 
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Hence the series terminates when a root of the equation 

a(m-l) (m- 2) +e (m—1) -t-y = 0 (e) 

is equal to, or exceeds by an integer, a root of the equation (d). 

As a particular root of the latter equation is 0, a particular 
finite solution may therefore always be obtained when (e) is 
satisfied either by a vanishing or by a positive integral value 
of m. 

12. The general theorem expressed by (38) admits of the 
following generalization, viz. 

The ground of this extension is that the symbol 7r, which 
is here newly introduced under F, combines with the same 

symbol w in the composition of the forms P n ~j— ) P w ^~ 

Y [IT) <p (7TJ 

external to F, as if ir were algebraic. 

And this enables us to transform some classes of equations 
which are not binomial. Thus the solution of the equation 

fo M * + A M <t> W pu +/, W * W 4> (*■ - 1 ) A = & 
will be made to depend upon that of the equation 

/o W V +f x (7T) f (7T) pV +/, (7T) f (7T) + (7T - 1 ) A = 

by the assumption 

13. While those transformations and reductions which 
depend upon the fundamental laws connecting tt and p, and are 
expressed by (4), are common in their application to differen- 
tial equations and to equations of differences, a marked dif- 
ference exists between the two classes of equations as respects 
the conditions of finite solution. In differential equations 

d 

where it = > P = 6 *> tuere appear to be three primary inte- 
grate forms for binomial equations, viz. 

B. F. D. 12 
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u + — — p n u = U t 

a (ir — n)* + b _ TT 

primary in the sense implied by the fact that every binomial 
equation, whatsoever its order, which admits of finite solution, 
is reducible to some one of the above forms *by the trans- 
formations of Art. 7, founded upon the formal laws connecting 
7r and p. In equations of differences but one primary inte- 
grate form for binomial equations is at present known, viz. 

1 

u + rrP u= U> 

air + b r 

and this is but a particular case of the first of the above 
forms for differential equations. • General considerations like 
these may serve to indicate the path of future inquiry. 



EXERCISES. 

1. Of what theorem in the differential calculus does (20), 
Art. 4, constitute a generalization ? 

2. Solve the equation 

x (x + 1) A 2 w + xAu — ?i 2 u = 0. 

3. Solve by the methods of Art. 7 the equation of dif- 
ferences of Ex. 1, Art. 5, supposing a to be a positive odd 
number. 

4. Solve by the same methods the same equation supposing 
• a to be a negative odd number. 



( 179 ) 



CHAPTER X. 

OF EQUATIONS OF PARTIAL AND OF MIXED DIFFERENCES, AND 
OF SIMULTANEOUS EQUATIONS OF DIFFERENCES. 

1. If u x y be any function of x and y, then 



A „ - ****** ~ u *,v 

Ax x ' v ~~~ Ax ' 



a x y — 



Ay xv Ay 



(i). 



These are, properly speaking, the coefficients of partial dif- 
ferences of the first order of u XtV . But on the assumption 
that Ax and Ay are each equal to unity, an assumption which 
we can always legitimate, Chap. i. Art. 2, the above are the 
partial differences of the first order of u XtV . 



On the same assumption the general form of a partial dif- 
is 

A 7 



ference of u s>y is 



{Ax) m {Ay) n X ' V1 

When the form of u XiV is given, this expression is to be inter- 
preted by performing the successive operations indicated, each 
elementary operation being of the kind indicate l in (1). 

Thus we shall find 
A 4 



AxAy 

A A 

It is evident that the operations ^ and ^ in combination 
are commutative. 

12—2 
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Again, the symbolical expression of ^ in terms of ^ 
being 

Ax— 
A € 1 

in which Ax is an absolute constant, it follows that 

/ A \ w _ 1 . 2 

and therefore 



+ W« - &c} + (*»)• (4). 

So, also, to express m*,„ it would be necessary 

to substitute ^ot ~, ^ their symbolical expressions, to 

effect their symbolical expansions by the binomial theorem, 
and then to perform the final operations on the subject func- 
tion U Xt y. 

Though in what follows each increment of an independent 
variable will be supposed equal to unity, it will still be 

A A 

necessary to retain the notation ^ , ^- f or the sake of dis- 
tinction, or to substitute some notation equivalent by defi- 
nition, e.g. A,,., A„. 

These things premised, we may define an equation of par- 
tial differences as an equation expressing an algebraic rela- 
tion between any partial differences of a function u XtVtU mm , the 
function itself, and the independent variables x, y, z . . . Or 
instead of the partial differences of the dependent function, its 
successive values corresponding to successive states of incre- 
ment of the independent variables may be involved. 
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Thus * A ^+3,^^.0, 

and a^^i.tr + y^x, m - (* + y) «*,r = °» 

are, on the hypothesis of Ax and Ay being each equal to 
unity, different but equivalent forms of the same equation of 
partial differences. 

Equations of mixed differences are those in which the sub- 
ject function is presented as modified both by operations of 

the form ~ 9 and by operations of the form Jj, 

singly or in succession. Thus 

*Ai w - + ^ W *" = 0 

is an equation of mixed differences. Upon the obvious sub- 
ordinate distinction of equations of ordinary mixed differences 
and equations of partial mixed differences it is unnecessary 
to enter. 

Before engaging in the discussion of any of the above 
classes of equations a remark must be made upon a question 
of analogy and of order. 

The theory of partial differential equations is essentially 
dependent upon that of simultaneous differential equations of 
the ordinary kind, and therefore follows it. But it may be 
affirmed that in the present state of the Calculus of Finite 
Differences any such order of dependence between equations 
of partial differences and simultaneous equations of differences 
is of a quite subordinate importance. In nearly all the cases 
in which the finite solution of equations of partial differences 
is as yet possible it will be found to depend, directly or vir- 
tually, upon a symbolical reduction by which the proposed 
equation is presented as an ordinary equation of differences, 
the chief, or only, difficulty of the solution consisting in a 
difficulty of interpretation. And the same observation is 
equally applicable to equations of mixed differences, no gene- 
ral theory determining a priori the nature of the solution of 
equations of either species, partial or mixed, even when but 
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of the first order, as yet existing. At the same time what- 
ever belongs to the solution of simultaneous equations of 
differences — and specially whatever relates to the process of 
their reduction to single equations — is of common application, 
and of equivalent import, whether those equations are of the 
ordinary, of the partial, or of the mixed species. We there- 
fore think it right to treat of the subjects of this chapter in 
the order in which they have been enumerated, i. e. we shall 
treat first of equations of partial differences ; secondly, of 
equations of mixed differences ; lastly, of simultaneous equa- 
tions of all species. 



Equations of Partial Differences. 

2. When there are two independent variables x and y, 
while the coefficients are constant and the second member is 
0, the proposed equation may be presented, according to con- 
venience, in any of the forms 

F(A X1 A> = 0, F(D m D 9 )u=Q, 
F(* x ,D v )u = 0, F(D x ,b v )u = 0. 

Now the symbol of operation relating to x, viz. A x or 2> x , 
combines with that relating to y, viz. A„ or D vi as a constant 
with a constant. Hence a symbolical solution will be ob- 
tained by replacing one of the symbols by a constant quan- 
tity a, integrating the ordinary equation of differences which 
results, replacing a by the symbol in whose place it stands, 
and the arbitrary constant by an arbitrary function of the 
independent variable to which that symbol has reference. 
This arbitrary function must follow the expression which 
contains the symbol corresponding to a. 

The condition last mentioned is founded upon the inter- 
pretation of (D — a) _l X, upon which the solution of ordi- 
nary equations of differences with constant coefficients is ulti- 
mately dependent. For (Chap. vn. Art. 6) 

(D-a)- l X=a*~ l X l a-*X, 
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whence 

{l)-a)- i 0 = a x - i t i 0 

= aT* (c 0 + c,a;...+ c^rc"" 1 ), 

the constants following the factor involving a. 

The difficulty of the solution is thus reduced to the diffi- 
culty of interpreting the symbolical result. 

Ex. 1. Thus the solution of the equation u x + l —au x = 0, of 
which the symbolical form is 

D x u a -au s = 0, 

being 

u x = Ga% 

the solution of the equation w^,,,— ^,„ +l = 0, of which the 
symbolic form is 

will be 

A_ 

To interpret this we observe that since D y =^ we have 

= <£(y + aj). 

Ex. 2. Griven y+i""~ v = ^* 

This equation, on putting u for w Xf „, may be presented in 
the form 

B y A x u-u = 0 (1). 

Now replacing D v by a, the solution of the equation 

aA x u —u = 0 

is 

therefore the solution of (1) is 

•-(i+WW (2). 
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where <f> (y) is an arbitrary function of y. Now, developing 
the binomial, and applying the theorem 

we find 

* = » (y) + (y - 1) + * ( * ~ 1} <f> (y - 2) + &c.... (3), 

which is finite when a; is an integer. 
Or, expressing (2) in the form 

developing the binomial in ascending powers of D 9f and inter- 
preting, we have 

u = <f>(y — x) + x<j)(y — £c+l) 

+ a: ^~ 1) ^(y-ic+2)+&c (4). 

Or, treating the given equation as an ordinary equation of 
differences in which y is the independent variable, we find as 
the solution 

u=(A x p<l>(x) (5). 

Any of these three forms may be used according to the re- 
quirements of the problem. 

Thus if it were required that when x = 0, u should assume 
the form e 1 "*, it would be best to employ (3) or to revert to 
(2) which gives <j> (y) — € my , whence 

« = (1 + 2V*) v 

= (1 + e"^) V* 

= (l + € -)V* (6). 

3. There is another method of integrating this class of 
equations with constant coefficients which deserves attention. 
We shall illustrate it by the last example. 
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Assume u XtV =^Ca x b v , then substituting in the given equa- 
tion we find as the sole condition 

<z£-&-l = 0. 

Hence 

l + b 

and substituting, 

v m . w =2C(l + b)*ir'. 

As the summation denoted by 2 has reference to all pos- 
sible values of 5, and G may vary in a perfectly arbitrary 
manner for different values of b, we shall best express the 
character of the solution by making C an arbitrary function 
of b and changing the summation into an integration ex- 
tended from — co to co . Thus we have 




b^(i+b) x <l>{b)db. 



As <f>(b) may be discontinuous, we mav practically make 
the limits of integration what we please by supposing <j> (b) 
to vanish when these limits are exceeded. 

If we develope the binomial in ascending powers of b, we 
have 

lr*<f>[b)db+x] tr^^db 

+ X{X 1 ~* ) j (h)db + &c (7). 

* -00 

Now 

j e °b 6 <p{b)db = ylr{0) 1 
^r(0) being arbitrary if <f>(b) is; hence 

which agrees with (4). 
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Although it is usually much the more convenient course 
to employ the symbolical method of Art. 2, yet cases may 
arise in which the expression of the solution by means of a 
definite integral will be attended with advantage ; and the 
connexion of the methods is at least interesting. 

Ex. 3. Given A> Mi , = A> I(M . 
Replacing u x y by w, we have 

(A/i)/ i -A;iv> = o, 

or ( A x a D w - k v *D x ) u = 0. 

But A X = Z> X -1, A„ = Z),-1; 

therefore (D*D V + D„ - D^D, -D x )u = 0, 
or (D X D V - 1) (D x -D y )u = 0. 

This is resolvable into the two equations 

{DJD, - 1) u = 0, ( D x - D v ) u = 0. 
The first gives 

D x u - D' 1 u = 0, 
of which the solution is 

«=(ZVT*(y) 

The second gives, by Ex. 1, 

u = ty(x + y). 

Hence the complete integral is 

u = <f>(y-x) + yfr(y + x). 

4. Upon the result of this example an argument has 
been founded for the discontinuity of the arbitrary func- 
tions which occur in the solution of the partial differential 
equation 

d*u d*u 
dx*~dy*~' 
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and thence, by obvious transformation, in that of the equation 

dx* dt' 

It is perhaps needless for me, after what has been said in 
Chap. vill. Arts. 4 and 5, to add that I regard the argument 
as unsound. Analytically such questions depend upon the 
following, viz. whether in the proper sense of the term limit, 
we can regard sin x and cos x as tending to the limit 0, when 
x tends to become infinite. 

5. When together with A x and A tf one only of the inde- 
pendent variables, e. g. x, is involved, or when the equation 
contains both the independent variables, but only one of the 
operative symbols A x , A„, the same principle of solution is 
applicable. A symbolic solution of the equation 

F(x, A., A„)u = 0 

will be found by substituting A v for a and converting the 
arbitrary constant into an arbitrary function of y in the solu- 
tion of the ordinary equation 

F(x, A x , a) u = 0. 
And a solution of the equation 

F{x, y, A x )=0 

will be obtained by integrating as if y were a constant, and 
replacing the arbitrary constant, as before, by an arbitrary 
function of y. But if x, y> A x and A, are involved together, 
this principle is no longer applicable. For although y and 
Ay are constant relatively to x and A x , they are not so with 
respect to each other. In such cases we must endeavour by 
a change of variables, or by some tentative hypothesis as to 
the form of the solution, to reduce the problem to easier 
conditions. 

The extension of the method to the case in which the 
second member is not equal to 0 involves no difficulty. 

Ex. 4. Given w»,„ — xu^ ^^O. 
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Writing u for u x v the equation may be expressed in the 
form 

u - xD~ l D- l u = 0 (1). 

Now replacing D~ l by a, the solution of 

u — axD~ x u = 0 or u x — aa^^ = 0 
is ... l.a*. 

Wherefore, changing a into J9 f _1 , the solution of (1) is 

u = {D- l )*x{x-l) . ..!.<!> (y) 

= x (x — 1) ... 1.0 — a;). 

6. Laplace has shewn how to solve any linear equation in 
the successive terms of which the progression of differences is 
the same with respect to one independent variable as with 
respect to the other. 

The given equation being 

<Ax, v u x , v + B x , y u x _ ltV _ 1 + C XtV u x ^ v _ 2 + &c.= V XtV , 

A xy9 B x v , &c, being functions of x and y y \ety = x — k; 

then substituting and representing u x y by v x , the equation 
assumes the form 

X 0 v x + X x v^ + Xjo^ + &c. = X, 

X Q1 X x ... X being functions of x. This being integrated, k is 
replaced by x — y y and the arbitrary constants by arbitrary 
functions oix — y. 

The ground of this method is that the progression of dif- 
ferences in the given equation is such as to leave x — y un- 
affected, for when x and y change by equal differences x — y 
is unchanged. Hence if x — y is represented by h and we 
take x and It for the new variables, the differences now having 
reference to x only, we can integrate as if lc were constant. 

Applying this method to the last example, we have 

v x - xv x _, = 0, 
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v x = cx(x— 1) ... 1, 

u XtV = x(x-l) ...l.<f>(x-y), 

which agrees with the previous result. 

The method may be generalized. Should any linear func- 
tion of x and y, e.g. x + y, be invariable, we may by assum- 
ing it as one of the independent variables, so to speak reduce 
the equation to an ordinary equation of differences; but 
arbitrary functions of the element in question must take the 
place of arbitrary constants. 

Ex. 5. Given u XtV -pu^ uv _ x - (1 -p) u x _ UV¥X = 0. 
Here x + y is invariable. Now the integral of 

is v x = c + c ^ ^ r J . 

Hence, that of the given equation is 

7. Equations of partial differences are of frequent oc- 
currence in the theory of games of chance. The following is 
an example of the kind of problems in which they present 
themselves. 

Ex. 6. A and B engage in a game, each step of which 
consists in one of them winning a counter from the other. 
At the commencement, A has x counters and B has y counters, 
and in each successive step the probability of A J 8 winning a 
counter from B is p, and therefore of J9's winning a counter 
from A j 1 —p. The game is to terminate when either of the 
two has n counters. What is the probability of A's win- 
ning it ? 

Let u XiV be the probability that A will win it, any positive 
values being assigned to x and y. 
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Now A' 8 winning the game may be resolved into two 
alternatives, viz. 1st, His winning the first step, and after- 
wards winning the game. 2ndly, His losing the first step, 
and afterwards winning the game. 

The probability of the first alternative is ^>w x+1 , Wm . v for after 
A's winning the first step, the probability of which is p, 
he will have x + 1 counters, B, y — l counters, therefore the 
probability that A will then win is u x + x y _ v Hence the pro- 
bability of the combination is pu x+lv ^. 

The probability of the second alternative is in like manner 
(I -p) *v 1<m . 

Hence, the probability of any event being the sum of the 
probabilities of the alternatives of which it is composed, we 
nave as the equation of the problem 

"*.v =P u x+i y-i + ( l ~P) w *-i.v +l (1), 

the solution of which is, by the last example, 

It remains to determine the arbitrary functions. 

The number of counters x + y is invariable through the 
game. Kepresent it by m, then 

Now A's success i3 certain if he should ever be in possession 
of n counters. Hence, if x — n y u x v = 1. Therefore 

i=*w+(~ ? )Vw- 

Again, A loses the game if ever he have only m — n 
counters, since then B will have n counters. Hence 

0 = ^(m) + (^)°'""t(«). 
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1— p 

The last two equations give, on putting P= , 



whence 



(2), 



which is the probability that -4 will win the game. 

Symmetry therefore shews that the probability that B will 
win the game is 

*-pr--p™ (3)) 



and the sum of these values will be found to be unity. 

The problem of the ' duration of play* in which it is 
proposed to find the probability that the game conditioned 
as above will terminate at a particular step, suppose the r th , 
depends on the same equation of partial differences, but it 
involves great difficulty. A very complete solution, rich in 
its analytical consequences, will be found in a memoir by the 
late Mr Leslie Ellis (Cambridge Mathematical Journal, Vol. 
IV. p. 182). 

Method of Generating Functions. 

8. Laplace usually solves problems of the above class 
by the method of generating functions, the most complete 
statement of which is contained in the following theorem. 

Let u be the generating function of so that 

u = 2u mtn .„x n y..., 

then making # = e*, y — ^' &c, we have 



-Jl^K....)^)^- (i). 
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Here, while 2 denotes summation with respect to the 
terms of the development of w, S denotes summation with 
respect to the operations which would constitute the first 
member a member of a linear differential equation, and the 
bracketed portion of the second member a member of an 
equation of differences. 

Hence it follows that if we have a linear equation of dif- 
ferences of the form 

S<f>{m,n...)u m _ Pin ^ = 0 (2), 

the equation (1) would give for the general determination of 
the generating function u the linear differential equation 

i-y^-—* < 3 >- 

But if there be given certain initial values of u m n which 
the equation of differences does not determine, then, cor- 
responding to such initial values, terms will arise in the 
second member of (1) so that the differential equation will 
assume the form 

^...)^'-u = F(m,n...) (4). 

If the equation of differences have constant coefficients the 
differential equation merges into an algebraic one, and the 
generating function will be a rational fraction. This is the 
case in most, if not all, of Laplace's examples. 

It must be borne in mind that the discovery of the 
generating function is but a step toward the solution of 
the equation of differences, and that the next step, viz. the 
discovery of the general term of its development by some 
independent process, is usually far more difficult than the 
direct solution of the original equation of differences would 
be. As I think that in the present state of analysis the 
interest which belongs to this application of generating func- 
tions is chiefly historical, I refrain from adding examples. 
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Equations of mixed differences. 

9. When an equation of mixed differences admits of re- 
solution into an equation of simple differences and a differen- 
tial equation, the process of solution is obvious. 

Ex. 7. Thus the equation 

A ^ - a&u — b^ + abu = 0 

dx dx 

being presented in the form 

d 



(£-«)<A-*).-0, 



the complete value of u will evidently be the sum of the 
values given by the resolved equations 

du 

— — au = 0, au — bu = 0. 

Hence 

t* = c^+c, (1+5)*, 
where c x is an absolute, c % a periodical constant. 

Ex. 8. Again, the equation Ay = x ^ Ay + Ayj being 
resolvable into the two equations, 

A dz fdz\* 

Ay = * ( —aas+y, 

we have, on integration, 

z = cx + c*, 

where c is an absolute, and C a periodical constant. 
B. F. D. 13 
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Equations of mixed differences are reducible to differential 
equations of an exponential form by substituting for D a or 

d d 

A, their differential expressions €**, c 4 *— 1. 
Ex. 9. Thus the equation Au — ^ = 0 becomes 

(<*-i-|)«=o, 

and its solution will therefore be 

the values of m being the different roots of the equation 

e w -l-m = 0. 

10. Laplace's method for the solution of a class of partial 
differential equations {Diff. Equations, p. 440) has been ex- 
tended by Poisson to the solution of equations of mixed dif- 
ferences of the form 

d -£> + L^ + Mu„ + Nu.= V (1), 

where L, M y N f V are functions of x. 

Writing u for w x , and expressing the above equation in the 
form 

~Du + L~u + MDu + Nu= V t 
it is easily shewn that it is reducible to the form 

(;g+Jf) (D + L) u + {N-LM-L') u= V, 

where Z/=— . Hence if we have 
ax 

#-zir-z'=o (2), 
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the equation becomes 

which is resolvable by the last section into an equation of 
mixed differences and a differential equation. 

But if the above condition be not satisfied, then, assuming 

(D + L)u = v (3), 

we have 

(J-+M)v + (N-LM- L) u=V, 

whence 

— n-LM-L' W» 

which is expressible in the form 

Substituting this value in (3) we have 

+ (LB K - l)v=-C^-LC„ 
which, on division by A M is of the form 

The original form of the equation is thus reproduced with 
altered coefficients, and the equation is resolvable as before 
into an equation of mixed differences and a differential equa- 
tion, if the condition 

^-A^-A'=o (5) 

is satisfied. If not, the operation is to be repeated. 

13—2 
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d 

An inversion of the order in which the symbols ^ and 

D are employed in the above process leads to another reduc- 
tion similar in its general character. 

Presenting the equation in the form 

(D + L) (^ + M^u + {N-LM_ X ) u= V 

where 3f 4 = D" 1 M, its direct resolution into an equation of 
mixed differences and a differential equation is seen to involve 
the condition 

N-LM_=0 ( 6 ). 

If this equation be not satisfied, assume 

and proceeding as before a new equation similar in form to 
the original one will be obtained to which a similar test or 
that test failing, a similar reduction may again be applied.' 

Ex. 10. Given -a ^ + (x ± n) u^- axu x = 0. 

This is the most general of Poisson's examples. Taking 
first the lower sign we have 

L = — a, M— x — n, N= — ax. 

Hence the condition (2) is not satisfied. But (3) and (4) 
give 

(D-a) u=v, 



dv , x 
^+ {x-n)v 



whence 



an 

(dv 

(D-a) 



I an J 
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or, on reducing, 

5r " a S + {a? " (n " 1 } 1 " = 0 • 

Comparing this with the given equation, we see that n 
reductions similar to the above will result in an equation of 
the form 

dw M dw x 
which, being presented in the form 

is resolvable into two equations of the unmixed character. 

Poisson's second reduction applies when the upper sign is 
taken in the equation given ; and thus the equation is seen 
to be integrable whenever n is an integer positive or nega- 
tive. 

Its actual solution deduced by another method will be 
given in the following section. 

11. Equations of mixed differences in whose coefficients x 
is involved only in the first degree admit of a symbolical 
solution founded upon the theorem 

+ f j" 1 x= e* ® af 1 e"* ( ^ X - (1). 

{Differential Equations, p. 445.) 

The following is the simplest proof of the above theorem. 
Since 



d' d 
if in the second member ^ operate on x only, and ^ on u, 

we have, on developing and effecting the differentiations which 
have reference to as, 
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Let 



♦(as)*""' then 



v = - 



or if be replaced by , 

.'(a«.-(a..{« +f (i)}„. 

Inverting the operations on both sides, which involves the 
inverting of the order as well as of the character of successive 
operations, we have 

wear 

the theorem in question. 

Let us resume Ex. 10, which we shall' express in the 
form 



du 

fa ~ « + (x + n) - axu x = 0 (a), 

n being either positive or negative. Now putting u for u 9 
jjg (e* - a) + n<£ j w + x (e* - a) t* = 0. 



Let 
then we have 



(e' ix -a)u = z y 
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Or, 

(•+*+Tr-)«* 

e —a 



Hence, 



d . _we^ 

and therefore by (1), 



-i 



z = € h (iiY+n**^-*) x -i (s)'-»iog if* -a) 0 

= - a)* €* ® V 1 e~ h ® * (c* - a)- 0 (5) . 

It is desirable to transform a part of this expression. 
By (1), we have 1 



and by another known theorem, 



The right-hand members of these equations being sym- 
bolically equivalent, we may therefore give to (b) the form 



z = (e dx - a) 9 e" » f£-J € T ( e ^- a )-*0 (c). 

Now w= (e*' — a) _1 s, therefore substituting, and replacing 
e 55 by 2, 

u = (Z>-«r (£f (D - a)- 0 (^). 

Two here present themselves. 
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First, let n be a positive integer ; then since 
(D - ap 0 = a* (c 0 + c x x ... + c^aT 1 ), 
(2>-a) ,rt = (A + l-a) ,rt , 

we have 

w=(A + l-a) n - , e > {C+fe* a 9 {c Q + c t x ... + c^aT 1 ) dx) 

t , . B w. 

as the solution required. 

This solution involves superfluous constants. For integrat- 
ing by parts, we have 

Se*a*x r dx = e^cfx^ + loga fefa'x^dx+^-l) fe'a'x^dx, 
and in particular when r = 1, 

/e» a'xdx = €* a*+loga /e» a'cfo. 

These theorems enable us, r being a positive integer, to 
reduce the above general integral to a linear function of 

the elementary integrals fe*a x dx, and of certain algebraic 

terms of the form e a a*x m , where m is an integer less 
than r. 

Now if we thus reduce the integrals involved in (d), it will 
be found that the algebraic terms vanish. 

For 

(A + 1 - a)"" 1 e"? (e^ a'x m ) = ( A + 1 - a)" 1 a V 

= a x+ *~ , A n ~ 1 a> m 
= 0, 

since m is less than r, and the greatest value of r is n — 1. 
It results therefore that (d) assumes the simpler form, 

u = (A + 1 - a)"" 1 eT (<7 Q + C x fe* a'dx) ; 
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and here (7 0 introduced by ordinary integration is an absolute 
constant, while G t introduced by the performance of the 
operation 2 is a periodical constant. 

A superfluity among the arbitrary constants, but a super- 
fluity which does not affect their arbitrariness, is always to be 
presumed when the inverse operations by which they are in- 
troduced are at a subsequent stage of the process of solution 
followed by the corresponding direct operations. The parti- 
cular observations of Chap. XVII. Art. 4. {Differential 
Equations) on this subject admit of a wider application. 

Secondly, let n be 0 or a negative integer. 

It is here desirable to change the sign of n so as to express 
the given equation in the form 

du x du , . 
while its symbolical solution (A) becomes 

And in both n is 0 or a positive integer. 

Now since {D - a) n 0 = 0, and 0 = C, we have 

= C(D- a)""" 1 e~? +{D- a)^' 1 0 
= Ca*-*- 1 2 n+1 a"* €^4- a*-*" 1 2 n *'0 

= C x a* % 9 * l a"*€*~ + a* (c 0 + c x x ... + c n x n ). 

But here, while the absolute constant C x is arbitrary, the 
n + 1 periodical constants c 0 , c, . . . c n are connected by n relations 
which must be determined by substitution of the above unre- 
duced value of u in the given equation. 
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The general expression of these relations is somewhat com- 
plex; but in any particular case they may be determined 
without difficulty. 

Thus if a « 1, n= 1, it will be found that 

w= C l Va'i*+ C 9 (l-x). 
If a = 1, n = 2, we shall have 

and so on. 

The two general solutions may be verified, though, not 
easily, by substitution in the original equation. 

12. The same principles of solution are applicable to 
equations of mixed partial differences as to equations of par- 
tial differences. If A, and ^- are the symbols of pure 

operation involved, and if, replacing one of these by a con- 
stant m, the equation becomes either a pure differential equa- 
tion or a pure equation of differences with respect to the 
other, then it is only necessary to replace in the solution 
of that equation m by the symbol for which it stands, to 
effect the corresponding change in the arbitrary constant, and 
then to interpret the result. 

Ex.11. A x ii-a^ = 0. 

Keplacing ^ by m, and integrating, we have 

u = c (1 + am) s . 
Hence the symbolic solution of the given equation is 

/ d \* 
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yfr (y) being an arbitrary function of y. 
Ex. 12. Given y - Ux t9 = F, <t . 

Treating ^ as a constant, the symbolic solution is 

-'-dr* (*)>-+ (*r«* 

2 having reference to a;. No constants need to be introduced 
in performing the integrations implied by (^j . 

Ex. 13. Given - 3* ^ + 2a (x - 1) ^* = 0. 
Let = 1 . 2 ... (a; — 2) v«, then 

v -- 3 ^- ,+2 ^= 0 ' 

^- 3 *4 + K4)'K= 0 ' 

whence by resolution and integration 

V -=(|)"*^ + ( 2 |)>^ 
ti, = 1 . 2 ... (x - 2) {(!) > (y) + 2" (y) } . 

Ex. 14. Wjr+9 - 3 +2^=7, where 7 is a function 
of x and y. 
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Here we have 
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{ 



d 



n 



* dy \dyl , 



-i^-i)>-i(--ir" 

~ ^ ( 2 dy) V dy {dy) ^ ^ 

The complementary part of the value of u introduced by 
the performance of 2 will evidently be 

2 "(4)>w + (4)>w- 

But in particular cases the difficulties attending the reduc- 
tion of the general solution may be avoided. 

Thus, representing Fby V xf we have, as a particular solu- 
tion 

dV rPV 



dy 



dy* 



which terminates if V K is rational and integral with respect to 
y. The complement must then be added. 

Thus the complete solution of the given equation wlien 

V=F(x)+y, 

is u = Fix - 2) + y + 3 + 2* (y) + 
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Simultaneous Equations, 

13. Whether the equation he one of ordinary differences, 
or of mixed differences, the principle of the method of solution 
is the same. We must, by the performance of the operations 

A, and , obtain a system of derived equations sufficient to 

enable us by elimination to deduce a final equation involving 
only one of the dependent variables with its differences or 
differentials. The integrations of this will give the general 
value of that variable, and the equations employed in the pro- 
cess of elimination will enable us to express each other 
dependent variable by means of it. If the coefficients are 
constant we may simply separate the symbols and effect the 
eliminations as if those symbols were algebraic. 

Ex. 15. Given — a*xv x = 0, v x+1 — xu x = 0. 

From the first we have 

■ + l ) Vi = °- 

Hence, eliminating v^ x by the second, 

the solution of which is 

u,= 1.2...(*-l){C 1 a*+C a (-a)^ 

Then by the first equation 

= S = 1 - 2 -J a? " 1) ((7,a-'+ C,(-«r'!. 
Ex. 16. Given u^ + 2v x+l — Su x = a*, 

* 

Separating the symbols 

(If - 8) u s + 2Dv x = a*, 
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Eliminating v a and reducing 

(V - 4)" u t = (a* - 2)a* - 2a^ x . 

The complete integral of which is 

_ a * -2 g 2 a~* 
"•"~(a*-4)' a 0(^-4)* 

+ (c 0 + <yu) 2" + (c, + cya?) (- 2)*. 

Moreover by the first of the given equations 

_ a*" 1 + Su^ - 

V a> — o • 



EXERCISES. 

1. Integrate the simultaneous equations 

u^-v m =2m{x+\) (I), 

^ l -w« = -2m(x + l) (2). 

2. Integrate the system u z+l + (— l)*v a — 0, 

^+(-l)X = 0. 

3. Integrate the system v^ x -u 9 =(l-m) x, 

w^-v,^ (m-n) x, 
{n-T)x. 

d 

4. Integrate A x u x>y - a ^^ = 0. 



5. W««.ir- a ^ w *fi»v + h djf U *'> =S °- 



7- w^w-^^a^. 
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8. Determine u Ktt from the equation 

where A affects x only ; and, assuming as initial conditions 

u Xf0 = ax+b, i-u^a'r*, 



shew that 

where A, X and fi are constants (Cambridge Problems). 
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CHAPTER XI. 

OF THE CALCULUS OF FUNCTIONS. 

1. The Calculus of Functions in its purest form is dis- 
tinguished by this, viz. that it recognises no other operations 
than those which are termed functional. In the state to 
which it has been brought, more especially by the labors of 
Mr Babbage, it is much too extensive a branch of analysis to 
permit of our attempting here to give more than a general 
view of its objects and its methods. But it is proDer that it 
should be noticed, 1st, because the Calculus of Finite Differ- 
ences is but a particular form of the Calculus of Functions ; 
2ndly, because the methods of the more general Calculus are 
in part an application, in part an extension of those of the 
particular one. 

In the notation of the Calculus of Functions, <t>{^(x)} is 
usually expressed in the form <j>yfrx f brackets being omitted 
except when their use is indispensable. The expressions 
(frcfxc, <f>(f)<f>x are, by the adoption of indices, abbreviated into 
iffx, <j> s x, &c. As a consequence of this notation we have 
<f>°x = x independently of the form of <j>. The inverse form 
<f>~ 1 is, it must be remembered, defined by the equation 

Qf 1 x — x (1). 

Hence 6" 1 may have different forms corresponding to the 
same form of <£. Thus if 

(px = x* + ax, 
we have, putting <f>x = t, 

and (f)' 1 has two forms. 
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The problems of the Calculus of Functions are of two 
kinds, viz. 

1st. Those in which it is required to determine a func- 
tional form equivalent to some known combination of known 
forms; e.g. from the form of *fyx to determine that of y*x. 

2ndly. Those which involve the solution of functional 
equations, i.e. the determination of an unknown function 
from the conditions to which it is subject, not as in the pre- 
vious case from the known mode of its composition. 

We may properly distinguish these problems as direct and 
inverse. Problems will of course present themselves in which 
the two characters meet. 



Direct Problems. 

2. Given the form of yjrx, required that of ^x. 

There are cases in which this problem can be solved by 
successive substitution. 

Ex. 1. Thus, if yfrx = x a , we have 

yfnfrx = (XT = X*\ 

and generally 

y*x = af \ 

Again, if on determining ^r*cc, yfr*x as far as convenient it 
should appear that some one of these assumes the particular 
form x, all succeeding forms will be determined. 

Ex. 2. Thus if yfrx = 1 — x, we have 

yfr*x = 1 — (1 — x) = x. 

Hence ^ n x = 1 - x or x according as n is odd or even. 

Ex. 3. If <rx = — ^ — , we find 

1 — x 

^x = y ~ x * 

B. F. D. 14 
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•w-r 1 X — • 1 

Hence ty n x = x, ^ _^ or ^ according as on dividing 
n by 3 the remainder is 0, 1 or 2. 

Functions of the above class are called periodic, and are 
distinguished in order according to the number of distinct 
forms to which ty n x gives rise for integer values of n. The 
function in Ex. 2 is of the second, that in Ex. 3 of the third, 
order. 

Theoretically the solution of the general problem may be 
made to depend upon that of an equation of differences of the 
first order. For assume 

* n+, *=^x (2). 

Then, since ^ l x = yfnfr n x, we have 

tm- + (0 (3). 

The arbitrary constant in the solution of this equation may 
be determined by the condition t t = ^x t or by the still prior 
condition 

t o = y> x = x (4). 

It will be more in analogy with the notation of the other 
chapters of this work if we present the problem in the form : 
Given -tyt, required thus making x the independent vari- 
able of the equation of differences. 

Ex. 4. Given yjrt = a + bt f required ifr x t. 
Assuming ty't = u x we have 

the solution of which is 

u * = chS + TZrb' 
Now w 0 = yfrH = t, therefore 

a 



■ 



Digitized by Google 



ART. 2.] OP THE CALCULUS OP FUNCTIONS. 211 

Hence determining c we find on substitution 

w *=«yzj + ^ ( 5 )> 

the expression for yfr't required. 

Ex. 5. Given ^ftt = t-—. , required ^*t. 
Assuming yfr't = u x we have 

a 



'^'b + u.' 
or u x u^ x + bu^ x = a. 

This belongs to the third of the forms treated in Chap. vn. 
Art. 9. Assume therefore 

then v x+3 - bv x ^ - av x = 0, 

the solution of which is 

a and & being the roots of the equation 

m 9 — bm — a = 0. 

Hence u ^ c -jfL±^l- b; 
or, putting G for -* and a + fi for 5, and reducing, 

u * = - a P a * + cp° W ' 

Now u 0 — yft°t = t, therefore 

P + Ca 

— T+CT' 



14 — 2 
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whence C = — ; 

t + a 

and, substituting in (6), 

the expression for ifr"t required. 

Since in the above example = we have, by direct 
substitution, 

^b + t' 

and continuing the process and expressing the result in the 
usual notation of continued fractions, 

r b + b+b + ...b + t' 

the number of simple fractions being x. Of the value of thiB 
continued fraction the right-hand member of (7) is therefore 
the finite expression. And the method employed shews how 
the calculus of finite differences may be applied to the finite 
evaluation of various other functions involving definite repe- 
titions of given functional operations. 

Ex. 6. Given yfrt = , required -ty*t. 

Assuming as before yt = u xy we obtain as the equation of 
differences 

+ - K - « * 0 (8), 

and applying to this the same method as before, we find 

U * z x +C/3* e W ' 
a and ft being the roots of 

eV-(Hc) em + bc-ae = Q (10) ; 
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and in order to satisfy the condition u Q = t, 

r _ e(t-a) + c , . 

When a and $ are imaginary, the exponential forms must 
be replaced by trigonometrical ones. We may, however, so 
integrate the equation (8) as to arrive directly at the trigono- 
metrical solution. 

For let that equation be placed in the form 

(c\( b\ , bc — ae A 

b — c 

Then assuming u x = t 9 + — — , we have 



(<.^)(^)^-°. 

or tJ^ + fii^-Q + p^O (12), 

m which y^ = -^-, = — * (13). 

HeDCe A*' 
or, assuming ^ = va x , 

1 + /* ' 

the integral of which is 

8 X = tan ^<7— cc tan" 1 ^ . 

But f x = w a and u x = * x + , where 

, b — c , . 

Hence w x = p tan ^(7- a? tan" 1 ^ + ^' (15), 

the general integral. 
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Now the condition u 9 = t gives 

t = v tan C + p. 

Hence determining G we have, finally, 

= v tan (tan" 1 t -=J± - x tan" 1 ^) + /*' (16), 

for the general expression of ty x t. 

This expression is evidently reducible to the form 

A + Bt 
C+Et' 

the coefficients -4, B t C, E being functions of x. 

Keverting to the exponential form of ty x t given in (9), it 
appears from (10) that it is real if the function 

(b + c)* be — ae 

is positive. But this is the same as — 4i>*. The trigono- 
metrical solution therefore applies when the expression repre- 
sented by if is positive, the exponential one when it is 
negative. 

In the case of v = 0 the equation of differences (12) becomes 

1 1 1 

or - = -, 



the integral of which is 



x 



Determining the constant as before we ultimately get 

m 

a result which may also be deduced from the trigonometrical 
solution by the method proper to ^determinate functions. 
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Periodical Functions. 

3. It is thus seen, and it is indeed evident a priori, that 
in the above cases the form of yfr't is similar to that of ifrt y 
but with altered constants. The only functions which are 
known to possess this property are 

a + bt 



c + et 



and af . 



On this account they are of great importance in connexion 
with the general problem of the determination of the possible 
forms of periodical functions, particular examples ot which 
will now be given. 

Ex. 7. Under what conditions is a + bt a periodical func- 
tion of the X th order? 

By Ex. 4 we have 

Tar j 

if* = a j—^ + b% 

and this, for the particular value of a; in question, must 
reduce to U Hence 

a K=°> hXsal > 

equations which require that b should be any x* root of unity 
except 1 when a is not equal to 0, and any X th root of unity 
when a is equal to 0. 

Hence if we confine ourselves to real forms the only pe- 
riodic forms of a + bt are t and a — t, the former being of 
every order, the latter of every even order. 

Ex. 8. Required the conditions under which a + ^ is a 
. c + et 

periodical function of the x* order. 

In the following investigation we exclude the supposition of 
e s 0, which merely leads to the case last considered. 
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Making then in (16) = t, we have 

t = n' + v tan (tan -1 i^- - x tan" 1 (18), 

tZ±_ _ tan ftan-^-x tan- *) , 

an equation which, with the exception of a particular case to 
be noted presently, is satisfied by the assumption 

x tan - = nr, 
i being an integer. Hence we have 

-=tan ~ (19), 

or, substituting for v and fi their values from (13), 

ifc^-l=tan'^, 
(b + c) 2 x > 

whence we find 

5 8 — 2&ccos^^ + c* 

e = £ (20). 

4m cos — 

X 

The case of exception above referred to is that in which 
z> = 0, and in which therefore, as is seen from (19), % is a mul- 
tiple of x. For the assumption v = 0 makes the expression for 
t given in (18) indeterminate, the last term assuming the form 
0 x oo . If the true limiting value of that term be found in 
the usual way, we shall find for t the same expression as was 
obtained in (17) by direct integration. But that expression 
would lead merely to x = 0 as the condition of periodicity, a 
condition which however is satisfied by all functions what- 
ever, in virtue of the equation <j>°t = t. 

The solution (9) expressed in exponential forms does not 
lead to any condition of periodicity when a, b, c, e are real 
quantities. 
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We conclude that the conditions under which a ~^^ when 

c + et 

not of the form A + Bt,is a periodical function of the X th order, 
are expressed by (20), % being any integer which is not a 
multiple of x*. 

4. From any given periodical function an infinite number 
of others may be deduced by means of the following theorem. 

Theorem. If ft be a periodical function, then <bf$>~ lt is also 
a periodical function of tne same order. 

For let (kffT't^ft, 

then = tfp'tfjTH 

= <f>f<f>~ l t. 

And continuing the process of substitution 

Now, if ft be periodic of the w th order, ft = t, and 

Hence ^ n t = <f>$~H = t. 

Therefore tyi is periodic of the w th order. 

Thus, it being given that 1 — t is a periodic function of t of 
the second order, other such functions are required. 

Kepresent 1 — t by ft. 

Then if 4>t = f r 

tf<t>-H={i->jt)\ 

If 6t = V*, 

<f>f<frH = (1 - ey. 

These are periodic functions of the second order ; and the 
number might be indefinitely multiplied. 

The system of functions included in the general form 
4>f$~ l t have been called the derivatives of the function^. 

• I am not aware that the limitation upon the integral values of • has been 
noticed before. 
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Functional Equations. 

5. The most general definition of a functional equation 
is that it expresses a relation arising from the forms of 
functions; a relation therefore which is independent of the 
particular values of the subject variable. The object of the 
solution of a functional equation is the discovery of an un- 
known form from its relation thus expressed with forms which 
are known. 

The nature of functional equations is best seen from an 
example of the mode of their genesis. 

Let f(x, c) be a given function of x and c, which con- 
sidered as a function of x, may be represented by <f>x, then 

and changing x into any given function ifrx, 

(fy^rx =f{irx, c). 

Eliminating c between these two equations we have a result 
of the form 

F(x, <f>x, <f>yfrx)=0 (1). 

This is a functional equation, the object of the solution of 
which would be the discovery of the form 0, those of F&nd 
being given. 

It is evident that neither the above process nor its result 
would be affected if c instead of being a constant were a func- 
tion of x which did not change its form when x was changed 
into ^x. Thus if we assume as a primitive equation 

<l>{x) = cx + ± (a), 

and change x into — x, we have 

<j>(-x) = -cx+-. 

Eliminating c we have, on reduction, 

(-*)}■ = 4*. 
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a functional equation of which (a) constitutes the complete 
primitive. In that primitive we may however interpret c 
as an arbitrary even function of a?, the only condition to 
which it is subject being that it shall not change on chang- 
ing x into — x. Thus we should have as particular solu- 
tions 

<b(x) = x cos x + - 1 , 
r w cos x ' 

these being obtained by assuming c = cos x and x* respectively. 

Equations of differences are a particular species of func- 
tional equations, the elementary functional change being that 
of x into x + 1. And the most general method of solving 
functional equations of all species, consists in reducing them 
to equations of differences. Laplace has given such a method, 
which we shall exemplify upon the equation 

F(x,Wx,<t> X x) = 0 (2), 

the forms of >ft and % being known and that of <b sought. But 
though we shall consider the above equation under its general 
form, we may remark that it is reducible to the simpler form (1). 
For, the form of yfr being known, that of ^r~ l may be presumed 
to be known also. Hence if we put yfrx — z ana x^ 1 * = "t*i'j 
we have 

and this, since iK 1 and sir are known, is reducible to the 
general form (1). 

Now resuming (2) let 

irx = u„ yx = Ut+ a 

Hence v t and u t being connected by the relation 

v t = <pu t (4), 

the form of <f> will be determined if we can express v t as a 
function of u t . 
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Now the first two equations of the system give on elimi- 
nating x an equation of differences of the form 

the solution of which will determine u n therefore ^x, there- 
fore, by inversion, a: as a function of t. This result, together 
with the last two equations of the system (3) will convert the 
given equation (2) into an equation of differences of the 
first order between t and v t , the solution of which will deter- 
mine v t as a function of t, therefore as a function of u t since 
the form of u t has already been determined. But this deter- 
mination of v t as a function of u t is equivalent, as has been seen, 
to the determination of the form of <f>. 

Ex. 9. Let the given equation be $ (mx) — a$ (x) = 0. 
Then assuming 

x = u„ mx = 

we have from the first two 

W<+1 - mu t = 0, 
the solution of which is 

Again, by the last two equations of (a) the given equation 
becomes 

% - av t = 0, 

whence 

v t -cr<t (c). 

Eliminating t between (b) and (c), we have 

logt^-logC 

v t = C'a iok"» . 

log C 

Hence replacing u t by x, v t by <f>x, and C'a~ l0 *i* by C l9 we 
have 

logx 

<j>X = CjOlog"* . {fy M 
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And here C x must be interpreted as any function of x which 
does not change on changing x into mx. 

If we attend strictly to the analytical origin of C x in the 
above solution we should obtain for it the expression 

«. + «. <*>* (*•■ £}3 + «. ™ (** gup + &«=• 

a 0 , «j, 5 t , &c. being absolute constants. But it suffices to 
adopt the simpler definition given above, and such a course 
we shall follow in the remaining examples. 

Ex. 10. Given </> (jz^) ~ a $ (*) = °- 
Assuming 

1 +x 
x ~ u » i—x "" W<+1> 



we have 



l+u t 



or - u^ x + u t + 1=0. 

The solution of which is 

u t = tan(<7+^<). 

Again we have 

t^-at^O, 

whence 



Hence replacing u t by x, v t by <j> (a?), and eliminating t t 

§1 

*(*)-Ci«r 



i taa-ix 
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C x being any function of x which does not change on chang- 

. . 1+x 

ing x into . 

b l-x 

6. Linear functional equations of the form 
<j>yft n x + a i <f^yfr n ' t x + a 2 ^r*~*a? . . . + a n <f> (x) = X (6), 

where yfr (x) is a known function of x } may be reduced to 
the preceding form. 

For let 7r be a symbol which operating on any function 
$(x) has the effect of converting it into <fa(x). Then the 
above equation becomes 

7r n £ (x) + ay~ x <j> (*)...+ a n <f> (x) = X, 

or 

(Tr' + ay- 1 ... + a n ) <f>(x)=X (7). 

It is obvious that it possesses the distributive property 
expressed by the equation 

7T (U + V) = ITU -f 7TV y 

and that it is commutative with constants so that 

Trail = ami. 

Hence we are permitted to reduce (7) in the following 
manner, viz. 

<f> ( x ) = (Tf + ay 1 ... + a n )' l X 

= [N l {7r-my + N,{ir-m t )- l ...}X (8), 

t7ij, m % ... being the roots of 

m n + a x m n ~ l . . . + a n = 0 (9), 

and N v N t ... having the same values as in the analogous 
resolution of rational fractions. 

Now if (7r — m)~ l X=<f>(x)y we have 

(7r — m)<j> (x) — X 9 
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or <f>f {x) - m<p (x) = X, 

to which Laplace's method may be applied. 

Ex. 11. Given <f> (m*x) + a<f> (mx) + b<f> (x) = x\ 

Representing by a and /3 the roots of x* + ax + b = 0, the 
solution is 

/ m** + am n + b 

C and C7' being functions of x unaffected by the change of x 
into tnx» 

Here we may notice that just as in linear differential 
equations and in linear equations of differences, and for the 
same reason, viz. the distributive character of the symbol 7r, 
the complete value of <f> (x) consists of two portions, viz. of 
any particular value of 6 (x) together with what would be its 
complete value were X = 0. This is seen in the above 
example. 

7. There are some cases in which particular solutions of 
functional equations, more especially it the known functions 
involved in the equations are periodical, may be obtained 
with great ease. The principle of their solution is as 
follows. 

Supposing the given equation to be 

F(x,<f>x,<f>fx)=0 (10), 

and let fx be a periodical function of the second order. 
Then changing x into fx 9 and observing that f*x = x, vre 
have 

F{fx,<f>fx, £r) =0 (11). 

Eliminating <f>fx the resulting equation will determine <f>& 
as a function of x and fx, and therefore since fx is supposed- 
known, as a function of x. 

If fx is a periodical function of the third order, it woul^ 
be necessary to effect the substitution twice in succession, ancr 
then to eliminate <frfx y and 4*f*x ; and so on according to 
the order of periodicity of fx. 
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Ex. 12. Given (d>x) % 6 ]— - = a*x. 

r 1 + x 

1 —X . 

The function is periodic of the second order. Change 



1 +OJ 

then x into \ — - , and we have 
1+x 



Hence, eliminating 6 \ — - , we find 

° r 1+ x 



* a,=ala;, ( 1 rS) 1 



as a particular solution. (Babbage, Examples of Functional 
Equations, p. 7). 

This method fails if the process of substitution does not 
yield a number of independent equations sufficient to enable 
us to effect the elimination. Thus, supposing yftx a period- 
ical function of the second order, it fails for equations of the 
form 

if symmetrical with respect to <j>x and <f»frx. In such cases 
we must either, with Mr Babbage, treat the given equation 
as a particular case of some more general equation which is 
unsymmetrical, or we must endeavour to solve it by some 
more general method like that of Laplace. 

Ex. 13. Given 

This is a particular case of the more general equation 
{(j)x) 2 + m^l>(^-x^ = l+nxx f 

m and n being constants which must be made equal to 1 and 0 
respectively, and x x being an arbitrary function of x. 
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Changing x into ^ — x, we have 

{+ (f - *)F + m [<t>{x)] ' = 1 +nx (f - x ) - 

Eliminating 0 - x^j from the above equations, we find 

(1-™*) {<£ = 1 - w + n jxa? ~ ™X (I - J • 
Therefore 

^ & >' = + {*" " "* (f " *)} ' 

Now if m become 1 and n become 0, independently, the 
fraction ^ _ m * becomes indeterminate, and may be replaced 
by an arbitrary constant c. Thus we have 

whence, merging c in the arbitrary function, 

#(*)-{5+x(«)-x(|-*)}* (is). 

The above is in effect Mr Babbage's solution, excepting 
that, making m and n dependent, he finds a particular value 
for the fraction which in the above solution becomes an arbi- 
trary constant. 

Let us now solve the equation by Laplace's method. Let 
[(f) (a)}* = yjrx y and we have 

*(*) + + (j- <B )= 1 « 

Hence assuming 

7T 

2 



B. F. D. 15 
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we have 

^i + ^ = l. 
The solutions of which are 



Hence 



1 

V *~7> 



7T C. 



= -»= a 



Therefore 



or 



Therefore 



t(«) -5 + c(*-j). 



in which (7 must be interpreted as a function of a? which does 
not change when a; is changed into ^ — It is in fact aw 

arbitrary symmetrical junction ofx and ^ — x. 

The previous solution (12) is included in this. 

For, equating the two values of <j>{x) with a view to 
determine C. we find 
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C 

7T 

£C 

4 



- X( g ) ! 



TT 7T 7T 

*~ 4 2~ X ~I 
which is seen to be symmetrical with respect to a: and ^ — x. 

8. There are certain equations, and those of no incon- 
siderable importance, which involve at once two independent 
variables in such functional connexion that by differentiation 
and elimination of one or more of the functional terms, the 
solution will be made ultimately to depend upon that of a 
differential equation. 

Ex. 14. Representing by P<j> (x) the unknown magnitude 
of the resultant of two forces, each equal to P, acting in one 
plane and inclined to each other at an angle 2x> it is shewn 
by Poisson (Mteanique, Tom. I. p. 47) that on certain assumed 
principles, viz. the principle that the order in which forces 
are combined into resultants is indifferent — the principle of 
(so-called) sufficient reason, &c, the following functional 
equation will exist independently of the particular values of 
x and y, viz. 

♦ + = (y)- 

Now, differentiating twice with respect to a?, we have 

And differentiating the same equation twice with respect 
' f [x + y) + f (x -y) = $ (x) f (y). 

Hence W)~m- 

15—2 
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Thus the value of %-j-r is quite independent of that of x. 

Y> {x ) 

We may therefore write 

w heing an arbitrary constant. The solution of this equa- 
tion is 

4>(x) = Ae mx + Be~ mx , or <j> (x) = A cos ma: + B sin ma?. 

Substituting in the given equation to determine A and 5, 
we find 

(j) ( x ) = e mx + e""**, or 2coswmc. 

■ 

Now assuming, on the afore-named principle of sufficient 
reason, that three equal forces, each of which is inclined to 
the two others at angles of 120°, produce equilibrium, it fol- 
lows that ^ = 1. This will be found to require that the 

second form of <f> (x) be taken, and that m be made equal to 1. 
Thus <f> (x) = 2 cos x. And hence the known law of compo- 
sition of forces follows. 

Ex. 15. A ball is dropped upon a plane with the intention 
that it shall fall upon a given point, through which two per- 
pendicular axes x and y are drawn. Let <j> (x) dx be the 
probability that the ball will fall at a distance between x and 
x + dx from the axis y 9 and <f> (y) dy the probability that it 
will fall at a distance between y and y + ay from the axis x. 
Assuming that the tendencies to deviate from the respective 
axes are independent, what must be the form of the function 
<f>(x) in order that the probability of falling upon any par- 
ticular point of the plane may be independent of the position 
of the rectangular axes ? (Herschers Essays). 

The functional equation is easily found to be 
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Differentiating with respect to x and with respect to y, we 
have 

Therefore = 

^ (•*) #0 (#) 

Hence we may write 



= 2 771, 



#0 (#) 

a differential equation which gives 

0 (a?) = Or*. 

The condition that (x) must diminish as the absolute 
value of x increases shews that m must be negative. Thus 
we have 

<f> (x) = Ce-**. 



EXERCISES. 

1. If <f> (x) = 1 _ ^ , determine 

2. If (a;) = 2a? - 1, determine <£" (a). 

3. If f («) = and ^(i) = shew, by means 
of the necessary equation Tfnjr*(t) = (j), that 

A E_ C-B 
a'e c— b 
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4. Shew hence that yfr* (t) may be expressed in the form 

a + bj 
b x -b + c + et 9 

the equation for determining b B being 

bj>^ + cb^ -bb x -ae=0 y 

and that results equivalent to those of Ex. 5, Art. 2, may 
hence be deduced. 

5. Solve the equation f(x) + f(y) =f{x + y). 

6. Find the value, to x terms, of the continued fraction 



1 + 1 + &c. 

7. What particular solution of the equation 

/«+/©- 

is deducible by the method of Art. 7 from the equation 

f(x)+mf(^) = a + n(f> (x). 

8. Required the equation of that class of curves in which 
the product of any two ordinates, equidistant from a certain 
ordinate whose abscissa a is given, is equal to the square of 
that abscissa. 

9. If wx be a periodical function of x of the degree, 
shew that there will exist a particular value of f(w) x expres- 
sible in the form 

a 0 + ajrx + aj? x . . . + a n _^rr n ~ x x ) 
and shew how to determine the constants a 0 , a w a % ... a„_ x . 
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10. Shew hence that a particular integral of the equation 
will be 

, a 8 / 1 1 + x 11 a-l\ 

<f> (as) =■ i a; + - a" + -i — TT ) • 

r w 1 - a 4 \ al — x aTx ar x + 1/ 

11. The complete solution of the above equation will be 
obtained by adding to the particular value of x the comple- 

4 tan - 1 z 

mentary function Ca ~. 

12. Solve the simultaneous functional equations 



l-*(.)6(v)' 



(*) </> Cy) 

(Smith's Prize Examination, 1860.) 
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CHAPTER XII. 

GEOMETRICAL APPLICATIONS. 

1. The determination of a curve from some property con- 
necting joints separated by finite intervals usually involves 
the solution of an equation of differences, pure or mixed, or 
more generally of a functional equation. 

The particular species of this equation will depend upon 
the law of succession of the points under consideration, and 
upon the nature of the elements involved in the expression 
of the given connecting property. 

Thus if the abscissae of the given points increase by a 
constant difference, and if the connecting property consist 
merely in some relation between the successive ordinates, the 
determination of the curve will depend on the integration of 
a pure equation of differences. But if, the abscissae still in- 
creasing by a constant difference, the connecting property 
consist in a relation involving such elements as the tangent, 
the normal, the radius of curvature, &c, the determining 
equation will be one of mixed differences. 

If, instead of the abscissa, some other element of the 
curve is supposed to increase by a constant difference, it is 
necessary to assume that element as the independent variable. 
But when no obvious element of the curve increases by a 
constant difference, it becomes necessary to assume as in- 
dependent variable the index of that operation by which we 
pass from point to point of the curve, i. e. some number 
which is supposed to measure the frequency of the operation, 
and which increases by unity as we pass from any point to 
the succeeding point. Then we must endeavour to form two 
equations of differences, pure or mixed, one from the law of 
succession of the points, the other from their connecting pro- 
perty ; and from the integrals eliminate the new variable. 
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There are problems in the expression of which we are led 
to what may be termed functional differential equations, i. e. 
equations in which the operation of differentiation and an 
unknown functional operation seem inseparably involved. In 
some such cases a procedure similar to that employed in the 
solution of Clairaut's differential equation enables us to effect 
the solution. 

2. The subject can scarcely be said to be an important 
one, and a single example in illustration of each of the dif- 
ferent kinds of problems, as classified above, may suffice. 

Ex. 1. To find a curve such that, if a system of n right 
lines, originating in a fixed point and terminating in the 
curve, revolve about that point making always equal angles 
with each other, their sum shall be invariable. (Herschers 
Examples t p. 115). 

The angles made by these lines with some fixed line may 
be represented by 

n n n 

Hence, if r = 6 (0) be the polar equation of the curve, the 
given point being pole, we have 

a being some given quantity. 

Let 0 = — , and let 6 (—} = u„ then we have 

the complete integral of which is 

u t = a + C. cos h CL cos — ... + CL . cos v L — . 



r 

Wgrtized by Google 



234 GEOMETRICAL APPLICATIONS. [CH. XII. 

Hence we find 

r = a+ CjCos 0 + <7 2 cos 20 ... + C^cos (n- 1) $, 

the analytical form of any coefficient (7< being 

C i = A + B i cos nO + B % cos 2n0 + &c., 
+ JE^ sin n0 + J£ t sin 2w0 + &c., 
-4, B v E v &c, being absolute constants. 

The particular solution r = a + b cos 6 gives, on passing to 
rectangular co-ordinates, 

and the curve is seen to possess the property that " if a system 
of any number of radii terminating in the curve and making 
equal angles with each other be made to revolve round the 
origin of co-ordinates their sum will be invariable." 



Ex. 2. Required the curve in which, the abscissae in- 
creasing by a constant value unity, the subnormals increase 
in a constant ratio 1 : a. 

Representing by y t the ordinate corresponding to the ab- 
scissa x, we shall have the equation of mixed differences 



Let y x ^ = u xy then 



whence 



u M — au x _^ = 0 ; 
.*. u s = Ca", 

y^= w (*>• 



Hence integrating we find 

jr.«V(Ci«r + c) (3), 

C x being a periodical constant which does not vary when x 
changes to x+ 1, and c an absolute constant. 
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Ex. 3. Kequired a curve such that a ray of light pro- 
ceeding from a given point in its plane shall after two reflec- 
tions by the curve return to the given point. 

The above problem has been discussed by Biot, whose 
solution as given by Lacroix (Biff, and Int. Cede. Tom. in. 
p. 588) is substantially as follows : 

Assume the given radiant point as origin ; let x, y be the 
co-ordinates of the first point of incidence on the curve, and 

x', y' those of the second. Also let ^| = p, ^ =j>\ 

It is easily shewn that twice the angle which the normal 
at any point of the curve makes with the axis of x is equal 
to the sum of the angles which the incident, and the corre- 
sponding reflected ray at that point make with the same 

Now the tangent of the angle which the incident ray at 

the point x } y makes with the axis of x is ^ . The tangent 

x 

of the angle which the normal makes with the axis of x is 
~~> the tangent of twice that angle is 



2p 



P' 

Hence the tangent of the angle which the ray reflected from 
x, y makes with the axis of x is 

2 P V 
l-p* x 2xp-y(l-p') 

1 —fx 

Again, by the conditions of the problem a ray incident from 
the origin upon the point x\ y' would be reflected in the same 
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straight line, only in an opposite direction. But the two 
expressions for the tangent of inclination of the reflected ray 
being equal, 

2x'p' - y' (1 - p«) 2xp-y(l-p*) _ ( . 

x'il-p^ + Vy'p' x(l-p*)+2yp U K h 

while for the equation of that ray, we have 

2xp-y(l-p*) } 

Now, regarding x and y as functions of an independent 
variable 2 which changes to a + 1 in passing from the first 
point of incidence to the second, the above equations become 

2xp-y(l-p') 
*(l-/)+2jy ' 

Atf _ -y (1 -fl At 

^ 9 ~x(l-p') + 2yp^ X - 

The first of these equations gives 

2xp-y (1 -f) = a , . 

x(l-p*)+2yp " V ; ' 

whence by substitution 

Ay = CAx. 

Therefore 

y = Cx + 0'. 

Here 0 and C are primarily periodic functions of z which 
do not change when z becomes z + 1. Biot observes that, if 
C be such a function, <\> ( (7), in which the form of <\> is arbitrary, 
will also be such, and that we may therefore assume C'=<f>(C), 
whence 

y=Cx+<j>(C), 

and, restoring to 0 its value in terms of a?, y, and ^? given in 
(4), we shall have 
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y ~^o ; (l- i /) + 2^ + *|x(l-/)+2^J (5) ' 

This is the differential equation of the curve. 

Although Lacroix does not point out any restriction on the 
form of the function <£, it is clear that it cannot be quite 
arbitrary. For if G = yfr (s), we should have 

and then, giving to <f> some functional form to which -uV is 
inverse, there would result 

so that C would change when z was changed into z + 1. From 
the general form of periodic constants, Chap. II., it is evident 
•that a rational function of such a constant possesses the same 
character. Thus the differential equation (5) is applicable 
when <f> indicates a rational function, and generally when it 
denotes a functional operation which while periodical itself 
does not affect the periodical character of its subject. 

If we make the arbitrary function 0, we have on reduction 

the integral of which is 
denoting a circle. 

* It is only while writing this Chapter that a general interpretation of this 
equation has occurred to me. Its complete primitive denotes a family of curves 
defined by the following property, vis. that the caustic into which each of these 
curves would reflect rays issuing from the origin would be identical with the 
envelope of the system of straight lines defined by the equation y = cx+<p(c), 
c being a variable parameter. This interpretation, which is quite irrespective of 
the form of the function d», confirms the observation in the text as to the necessity 
of restricting the form of that function in the problem there discussed. 1 regret 
that I hare not leisure to pursue the inquiry. 

I baye also ascertained that the differential equation always admits of the fol- 
lowing particular solution, viz. 

(y-^)» + (x-2*)»=0, 
A and B being given by the equation 

<p{*J^l) = A-B n/-1. 
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If we make the arbitrary function a constant and equal to 
2a, we find on reduction 

{** - (y - «)* + a 9 } p - x (y - a) (1 - f) « 0, 

the complete primitive of which (Dif. Equations, p. 135), is 

(y-a)' + cV= 1 ^-„ 

the equation of an ellipse about the focus. 

3. The following once famous problem engaged in suc- 
cession the attention of Euler, Biot, and Poisson. But the 
subjoined solution, which alone is characterized by unity and 
completeness, is due to the late Mr Ellis, Cambridge Journal, 
Vol. in. p. 131. It will be seen that the problem leads to 
a functional differential equation. 

Ex. 4. Determine the class of curves in which the square 
of any normal exceeds the square of the ordinate erected at 
its foot by a constant quantity a. 

If y = f(x) be the equation of the curve, the subnormal 
ifr'(x) W(x)}* 

will be > an< * tne norma l squared ^jr(x) + y ^ r • The 
equation of the problem will therefore be 

tw+ {^}'-4 + ^}-. (0. 

Differentiating, we have 



which is resolvable into the two equations, 



<r" (x) 

^'(a)+^'ja; + '^} = 0 (3). 
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The first of these gives on integration 

Tfr(x)+x*=ax + l3 (4). 

Substituting the value of ijr (#), hence deduced, in (1), we 
find as an equation of condition 

a = 0, 

and, supposing this satisfied, (4) gives 

y* + x*=ax + /3 i 

the equation of a circle whose centre is on the axis of x. 
It is evident that this is a solution of the problem, supposing 

a = 0. 

To solve the second equation (3), assume 

x + W( x ) =%(*)> 

and there results 

(*)•»- (*)+*=<> 

To integrate this let x = u n % (x) = w tH , and we have 

Wt« - 2^ + u t = 0, 

whence 

u t = C+ C% 

C and C being functions which do not change on changing 
t into t + 1. If we represent them by P(t) and P l {t), we 
have 

whence, since u t = x and w^, = % { x ) = # + i i x ) * 
we have 

x = P(t)+tP l (t), 
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Hence 

*' (*) dx=p l (t) [P'(t) + pm + tp; (t)}dt, 
+ («) = jp lt {P(t) + p t (t) + tPM dt. 

Beplacing therefore (x) by y*, the solution is expressed 
by the two equations, 

from which, when the fonns of P (*) and P x (t) are assigned, 
* must be eliminated. 

If we make P(t) = a, P t (t) = ft thus making them constant, 
we have 

x = a + fit, 

Therefore eliminating t and substituting e for c — aft 

Substituting this in (1), we find 

4 

Thus, in order that the solution should be real, a must be 
negative. Let a = — h% then £ = + 2k, and 

^= + 2A* + e (7), 

the solution required. This indicates two parabolas. 

If a = 0, the solution represents two straight lines parallel 
to the axis of x. 
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EXERCISES. 

1. Find the general equation of curves in which the 
diameter through the origin is constant in value. 

2. Find the general equation of the curve in which the 
product of two segments of a straight line drawn through 
a fixed point in its plane to meet the curve shall be in- 
variable. 

3. If in Ex. 4 of the above Chapter the radiant point be 
supposed infinitely distant, shew that the equation of the 
reflecting curve will be of the form 




<f> being restricted as in the Example referred to. 

4. If a curve be such that a straight line cutting it 
perpendicularly at one point shall also cut it perpendicularly 
at another, prove that the differential equation of the curve 
will be 

<f> being restricted as in Ex. 4 of this Chapter. 

5. Shew that the integral of the above differential equa- 
tion, when the form of <f> is unrestricted, may be interpreted by 
the system of involutes to the curve which is the envelope of 
the system of straight lines defined by the equation 

y = mx -f <p (to), 

m being a variable parameter. 



B. F. D. 



16 
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MISCELLANEOUS EXAMPLES. 

Selected chiefly from the Senate-House Examination Papers. 

1. Prove the following properties of differences of 0 : 

(1) /(A)0- = (n + l )E ^^0«. 

(2) /(A)0* +1 = (1 + A)/'(A)0\ 

2. If f(t) = ±/g) + C 9 shew that 

f{D) 0^=0, or /(D) 0** = 0, 
according as the upper or lower sign is taken. 

3. Shew that 

f(D) a x cos mx = ra x cos (mx + 0) ; 

where 

r cos 0 =/(#) a 0 cos (0 . m), 

rsin0=/(Z))a o sin (O.m), 
in which D operates on 0. 

4. If S r = V + 2 r + ... + x r , shew that 

1 <Z 



8 " Zn+ldx 8 ** v 



n being a positive integer. 

5. If a 0 + a l x + ajf+ ... =<f>(x), and w 0 , u l9 u 21 ... be suc- 
cessive values of any function independent of x, shew that 

a rUf x r + a^ r u n „x n + r + a^u^af* + . . . 

= j [2 (a n ^(our)J w 0 + 2 {a^f (our)} A«^+ ...], 

when 2 denotes summation with respect to values of a which 
are roots of the equation a n - 1 = 0. 
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6. If u x = a + hx, and z v z 2 , ... z m be the roots of the 
equation 

z™ - ps"- 1 + p/"* - . . . + (- 1 )»p m = 0, 

prove that 

• • • = Pmh m + ( A . 0 + A . 0 9 + . . .) ^A" 
+ A\ 0 s + A 8 . 0 8 + ...) h* 
+ 

+ ( Pm _ r A\ 0' + A'. <T + . ..) A""' 



r 

+ 

7. If 2?j, 2? 8 , ... be Bernoulli's numbers, prove that 

8. Assuming that 
z .1 1 o 1 . 19 4 

= 1 + -2 - — 2 + 0 - 2 - Z— 2 + 



log (1+2) 2 12 '24 720 

shew that 

j y ( x )dK = Ax^ + u i + u i +... + u^ i + ^-± ( Air ^ - AO 

1 19 ) 

" 24 (AV ^ + A ^ ~ 720 ( A8Ww - 8 " ^ 

where /S — a = nAa?, and w 0 , w p ...w n are successive values of 
<f> (x) at equal intervals from x = a to x = 

9. Shew that 



satisfies the equation 

dZn 

dx 

u being any function of x. 



= 2„Az n , 
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If a regular polygon, which is inscribed in a fixed circle, 
be moveable, and if x denote the variable arc between one 
of its angles and a fixed point in the circumference, and z n 
the ratio, multiplied by a certain constant, of the distances 
from the centre of the feet of perpendiculars drawn from the n tt 
and (n— l) th angles, counting from A, on the diameter through 
the fixed point, prove that z % is a function which satisfies the 
equation. 

10. If <f> (z) = <f>(x) <j>(y), where z is a function of x and y 
determined by the equation f(z) =f(x)f(y) i find the form 
of 0(a). 
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ANSWERS TO THE EXERCISES. 



II. 11. c(l+<+«' + !< 8 ). 



III. 1. 2-3263359, which is true to the last figure. 

9 -3y- 10 ^ +5^-2^ -2v 0 +5 Vl +10v 4 -3v 5 

2 - *' = 16 '*» = io 

3. «"-* + 4. 



IV. 1. 385. 2. I- 9a?+16 



9 6(a; + 2)(a: + 3)(a; + 4) 



, 2 4* +1 a>-l 
3 * 3 + "3" x ^T2* 



1 - q cos fl + q*+'cos (a; + 1) 0 - q'cos sfl 
l-^qcostf + q* 

7. Assume for the form of the integral 

(A + Bx ... +Mx n - i )tf 



and then seek to determine the constants. 

8. cot | - cot (2- x 6). 11. Refer to p. 62. 

sinm(2a;-l) . coswi(2x). x sinm(2a:+l) Al , . 
2 amm ^ x 7 (2sinm) 8 ^' (2 sin wf 

cos m (2a; + 2) . . x sin m(2x+ 3) a4 , , x . 
(2sinm) 4 v ' (2sidt?*) 4 ^ w 
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V. 1. - ^ and — (Z- tan 1 , which, if a = 1, reduce to 
a 2 a \2 a/' 



7T , 7T 

3 and i* 



VI. 1. 74854709. 2. 25C7-C046. 

.11 i i 

5 ' ^O^O* 4.2 4 '" +d5C ' 

VII. 1. 1st. «=2iTl r + 2^rij- 2nd - The 8ame - 
3ri ferry - sri} an»,+«a».-«.= o. 

4th. (^i)' + a" - «) = 0. 5th. The 

2. (_1)T + «,(*)•• 

3. «. = Cl (-l)* + c,(4)* + -, „ , 



same. 



4. = cp'~ l af~ x + -V . 

1 - ap 

_ cos w (a: - 1) - a cos nx ~ _ 

5 - = r-o — ~ i + • 

ar- 2a cos ?i + 1 



6. u,= (c 0 + Cl x) (-2)»+|- A. 



7. Note that this may be put in the form 

u m - 3 sin (irx) 2 sin (nx) sin (a? - 1)} u m _ 2 - 0. 
The final integral is u, = (sin irx)* {c 0 + 0,(2)*}. 
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9. «.= (-l,*( Co + o 1 ,) + ^Z^)_| a!(a! _ 1) + 9 a! _3. 
10 «,= (m' + ni jc, cos (*tan-'£) + c, sin (a tan- . 

1 3. Express it first in the symbolical form 

* (x-1 _> Xfjrv-l) 

14. w.,= a a {c+c'2a~ • }. 

15. Express it in the form (D -a)(D - a~~*) = 0. 

16. ^^tan^ooi^ + C.sin?^). 

17. u r —A + Ba*+ Ca 8 *, where a is an imaginary cube root of 
unity, and A> B t C are connected by the condition 

A u + B* + F=3A(a+BC). 

18. Divide by w,w, +1 «, +a , and then compare with the last 
example. 

VIII. 1. y = ?±* a .-!LZ*(«i)* + cr. 3. The complete 
primitive is of the first degree with respect to the constants. 

I -a a**+ x 
l + a v y (l+o) 

IX. 2. Yes. 

X. 1. w>r = c 1 + c Jl (-l)* + «w;, r, = c 1 -c 8 (- l)*-m(x + 1). 

2. = + (-1)-, ^ = Cj -c 0 (-l)'. 

3. «, = J -f f ^ cos — + C sin yJ (- 1 ) + " 3 — » 
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*. = ^ + (5 cos + a sin ^LtS) ( - 1 y + . 

5 - w *. v= «' (|,) (y) + 0* Qr) (y), where a and 0 are 
roots of m* - am + b = 0. 

6. u Xf3 ,= a;(y + a;-l) + <£(y +as). 

2. =^ {(« + Jrf - l) m + (a; - V^l)-}. (m = 2"). 

7. /(*) = 5 + + W- + g). 

8. y - cc* (x_a) , <£(sc) denoting an even function of x. 

9. Developed (tt) in ascending powers of it, and apply the 
conditions of periodicity. 

12. <f> (x) = tan mx. 
\j/ (x) = sec mx. 

MISCELLANEOUS EXAMPLES. 

7. For some remarks on this problem see Quarterly Journal 
of Afathematicsy Vol. ui. p. 262. 8. See De Morgan's Calculus 
Ch. xin. Arts. 61, 67. 10. <f> (x) = {/(«)}". 

CAMBRIDGE: PRINTED BY C. J. CLAY. MA. AT THE UNIVERSITY 
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SALLUST.— CATILINA and JUGURTHA. With English 

Notes. For Schools. By CHARLES MERIT ALE, B.D. Second Edition. 172. 
pp. (1858). Fcap. 8vo. 4*. 6d. 
Catitina and Jugurtha may be had separately, price 2*. 6d. each. 

JUVENAL. For Schools. With English Notes and an 

Index. By J. E. MAYOR, M.A. 464 pp. (1853). Crown 8vo. 10*. 6d. 
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IX. GREEK. 

HELLENICA ; A FIRST GREEK READING BOOK. Being 

a History of Greece, taken from Diodorus and Thucydides. By JOSIAIi 
WRIGHT, M.A. Second Edition. 150 pp. (1857). Fcap. 8vo. 3*. 6d. 

DEMOSTHENES on the CROWN. With English Notes. 

By B. DRAKE, M.A. Secokd Edition, to which if. prefixed -ESCHINES 
AGAINST CTEST1PHON. With English Notes, (i860). Fcp. 8ro. 5*. 

DEMOSTHENES on the CROWN. Translated by J. P. 

NORRIS, M.A. (1850). Crown 8vo. 3*. 

THTJCYDIDES. Book YI. With English Notes and an Index. 

By P. FROST, Jun., M.A. 110 pp. (1854). 8vo. 7*. 6d. 

^ESCHYLUS. The EUMENIDES. With English Notes and 

Translation. By B. DRAKE, M.A. 144 pp. (1853). 8vo. ^.6d. 

ST. PAUL'S EPISTLE TO THE ROMANS: With Notes. 

By CHARLES JOHN VAUGHAN, D.D. 157 pp. (1859). 8™. 7*. 6d. 

X. ENGLISH GRAMMAR. 
THE CHILD'S GRAMMAR. By E. Thring, M.A. 

DemyiSmo. New Edition. (1857). 1*. 

ELEMENTS of GRAMMAR TAUGHT in English. By 

E. THRING, M.A. Third Edition. 136 pp. (i860). Demy i8mo. u. 

MATERIALS FOR A GRAMMAR OF THE MODERN 

ENGLISH LANGUAGE. By G. H. PARMINTER, M.A. aao pp. (1856). 
Fcp. 8vo. 3«. 6d. 

XI. RELIGIOUS. 
HISTORY OF THE CHRISTIAN CHURCH DURING 

THE MIDDLE AGES. By Archdeacon HARDWICK. 482 pp. (1853). 
With Maps. Crown 8vo. cloth. 10*. 6d. 

HISTORY OF THE CHRISTIAN CHURCH DURING THE 

REFORMATION. By Archdeacon HARDWICK. 459 pp. (I850). Crown 
8vo. cloth. 10*. 6d. 

HISTORY OF THE BOOK OF COMMON PRAYER. By 

FRANCIS PROCTER, M.A. 464 pp. (i860). Fourth Edition. Crown 8vo. cloth. 
lo». 6d. 

THE CHURCH CATECHISM ILLUSTRATED AND Ex- 
plained. By ARTHUR RAMSAY, M.A. 104 pp. (1854). l8mo. cloth. 

3*. 6d. 

NOTES FOR LECTURES ON CONFIRMATION: With 

Suitable Prayers. By C. J. VAUGHAN, D.D. Second Edition. 70 pp. (1859). 
Fcp. 8to. 1*. 6d. 

HAND-BOOK TO BUTLER'S ANALOGY. By C. A. 

SWAINSON, M.A. 55 pp. (1856). Crown 8to. w.6rf. 

HISTORY OF THE CANON OF THE NEW TESTAMENT 

DURING THE FIRST FOUR CENTURIES. By BROOKE FOSS WE8TC0TT, 
M.A. 594 pp. (1855). Crown 8vo. cloth. 12*. 6d. 

HISTORY OF THE CHRISTIAN CHURCH DURING 

THE FIRST THREE CENTURIES, AND THE REFORMATION IN ENG- 
LAND. By WILLIAM SIMPSON, M.A. 307 pp. (1857). Fcp. 8vo. cloth. 5*. 

ANALYSIS OF PALEY'S EVIDENCES OF CHRISTI- 
ANITY. By CHARLES H. CROSSE, M.A. 115 pp. (1855). i8mo. 3*. 6d. 

Covent Garden, London.] 
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TOM BROWS SCHOOL DAYS. By Ah Old Boy. Seventh 

9*- Edition. Fcap. 8vo. cloth. 5*. 1 

9 s. 6d. THE HEROES; or GREEK FAIRY TALES. By Charles i». 

Kingsley, Rector of Evereley. Second Edition, with Eight Illustrations. 
Imperial i6mo cloth, gilt leaves. 5*. 

WESTWARD HO ! THE ADVENTURES OF SIR AMYAS 

" LEIGH in the Reign of Elisabeth. Third Edition. By Chjuu.es Kinosuby. i+a 

Crown 8vo. cloth. 6*. 

t „ TWO YEARS AGO. By Charles Kingsley. Third Edition. 

11 s ' Crown 8vo. cloth. 6s. 

DAY1D, KING OF ISRAEL; Readings for the Young. 

95. 6d. With Six Illustrations. By J. Wright, M.A. Imp. i6mo. cloth. iu. 

5«. 



LITTLE ESTELLA AND OTHER FAIRY TALES. Imp. 

9 5 - i6mo. cloth. 5*. 
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GLAUCUS ; or, WONDERS OF THE SHORE. By Charles „ 

Kingsley. Illustrated Edition, containing Coloured Illustrations of 

14*. W 

the objects mentioned in the Work. Imp. i6mo. cloth, gilt leaves. 
7*. 6d. 

M DAYS OF OLD: STORIES FROM OLD ENGLISH 

9«. oa. HISTORY of the Druids, Anglo-Saxons, and the Crusaders. By the Author «*». 

of Ruth and Her Friends. Imperial i6mo. cloth. 5*. 

6 * RUTH AND HER FRIENDS. A Story for Girls. Third «»■ 

Edition. With a Frontispiece. Imp. i6mo. cloth. 5#. 

i8#. ESSAYS, CHIEFLY ON ENGLISH POETS. By Dayid 2 «. « 

Masson, M.A. 8vo. cloth. 12s. 6d. 

6s , THE FIVE GATEWAYS OF KNOWLEDGE. A Popular g , 

Work on the Five Senses. By George Wilson, M.D. Seventh Thousand. Fcp. 
8vo. cloth, gilt leaves, 2*. 6d. 

*6* THE REPUBLIC OF PLATO. Translated into English by ao*. 6,; 

J. Llewellyn Da vies, M.A., and D. J. Yaughan, M.A. Second Edition. 8vo. 
cloth. 10*. 6d. 

3 6*. ARCHER BUTLER'S HISTORY OF ANCIENT PHI- 

LOSOPHY. % vols. 8vo. cloth, it. 5*. 

HISTORY AND RATIONALE OF THE BOOK OF COM- 

15*. 6d. MON PRAYER. By F. Procter, M.A. 4th Edition. Crown 8vo. cloth. 10*. 6d. 18*. U 

HISTORY OF THE CHRISTIAN CHURCH DURING 0 

15*. oa. THE MIDDLE AGES AND THE REFORMATION. By Archdeacon 1 

oacn. Hard wick. 2 vols. Crown 8vo. cloth. 10*. 6d. each volume. 

, 7 ,. 6d. HISTORY OF THE CANON OF THE NEW TESTAMENT. 

By B. F. Westcott, M.A. Third Edition. Crown 8vo. cloth. 12s. 6d. 

m SERMONS AND ADDRESSES DELIVERED IN MARL- 

155. o«. BOROUGH COLLEGE during Six Ye£. By Dr. Cotton, Lord Bishop of 1 Si " 

Calcutta. Crown 8vo. cloth. toe.6d 4 
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a*. 6d. SERMONS PREACHED IN UPMNGHAM SCHOOL. By , 3 ,. 

the Rev. E. Thrino, Head Master. Crow 8vo. cloth. 5«. 

• # * The above books are kept in various styles of binding, and may always 
be obtained from Macmillan & Co. Cambridge, or 23, Henrietta Street, 
Coven t Garden, London. W. C. 
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ABDY .— A Historical Sketch of Civil Procedure among the 

Romans. By J. T. ABDY, LL.D., Regius Professor of Civil Law in the 
University of Cambridge. Crown 8vo. cloth, is. 6d. 

JESCHYLI Eumenides. 

The Greek Text with English Notes, and an Introduction, containing an 
Analysis of Muller's Dissertations. By BERNARD DRAKE, M.A., late 
Fellow of King's College, Cambridge. 8vo. cloth, 7s. 6d. 

ADAMS.— The Twelve Foundations and other Poems. 

By H. C. ADAMS, M.A., Author of Sivan the Sleeper/' Sec. Royal ICmo. 
cloth, 5*. 

AGNES HOPETOUN'S SCHOOLS AND HOLIDAYS. 

The Experiences of a Little Girl. A Story for Girls. By Mrs. OLIPHANT, 
Author of " Margaret Maltland." Royal 16mo. 6*. 

AIRY— Mathematical Tracts on the Lunar and Planetary 

Theories. The Figure of the Earth, Precession and Nutation, the Calculus 
of Variations, and the Undulatory Theory of Optics. By G. B. AIRY, M. A.. 
Astronomer Royal. Fourth Edition, revised and improved. Svo. cloth, 

ARISTOTLE on the Vital Principle. 

Translated, with Notes. By CHARLES COLLIER, M.D., F.R.S., Fellow 
of the Royal College of Physicians. Crown 8vo. cloth, 8«. 6d. 

BAXTER.— The Volunteer Movement: its Progress and 

Wants. With Tables of all the Volunteer Corps in Great Britain, and « f 
their Expenses. By R. DUDLEY BAXTER. Svo. 1*. 

BEASLEY — An Elementary Treatise on Plane Trigonometn : 

with a numerous Collection of Examples. By R. D. BEASLEY, M. A., Fellow 
of St. John's College, Cambridge, Head-Master of Grantham Grammar School. 
Crown 8vo. cloth, 3s. 6d. 

BIRKS— The Difficulties of Belief in connexion with the 

Creation and the Fall. By THOMAS RAWSON BIRKS, M.A., Rector of 
Kelshall, and Examining Chaplain to the Lord Hishop op Caiu ;su, 
Author of " The Life of the Rev. E. Bickersteth." Crown 8vo. cloth, 4.-. Cu. 
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2,6\, cr. 



Digitized by Google 



MACMILLAN & CO.'S PUBLICATIONS. 



BOOLE.— The Mathematical Analysis of Logic. 

By GEORGE BOOLE, D.C.L. Professor of Mathematics, in the Queen's 
University, Ireland. 8vo. sewed, 5*. 

BOOLE.— A Treatise on Differential Equations. 

Crown 8vo. cloth, 14*. 

BRAVE WORDS for BRAVE SOLDIERS and SAILORS. 

Tenth Thousand. 16mo. sewed, 2d. ; or 10*. per 100. 

BRETT. — Suggestions relative to the Restoration of 

Suffragan Bishops and Rural Deans. By THOMAS BRETT (a.d. 1711). 
Edited by JAMES PENDALL, M.A., Procter in Convocation for the Clergy 
of Ely. Crown 8vo. cloth, 2*. 6d. 

BRIMLEY.— Essays, by the late GEORGE BRIMLEY, M.A. 

Edited by W. G. CLARK, M.A., Tutor of Trinity College, and Public Orator 
In the University of Cambridge. With Portrait. Second Edition. 
Pcap. 8vo. cloth, 5*. 

BROOK SMITH— Arithmetic in Theory and Practice. 

Por Advanced Pupils. Part First. By J. BROOK SMITH, M.A., of St. 
John's College, Cambridge. Crown 8vo. cloth, 3*. 6d. 

BUTLER (Archer).— Sermons, Doctrinal and Practical. 

By the Rev. WILLIAM ARCHER BUTLER, M.A. late Professor of Moral 
Philosophy in the University of Dublin. Edited, with a Memoir of the 
Author's Life, by the Very Rev. Thomas Woodward, M.A. Dean of Down. 
With Portrait. Fifth Edition. 8vo. cloth, 13*. 

BUTLER (Archer).— A Second Series of Sermons. 

Edited by J. A. Jkrf.mie, D.D. Regius Professor of Divinity in the Univer- 
sity of Cambridge. Third Edition. 8vo. cloth, 10*. 6d. 

BUTLER (Archer).— History of Ancient Philosophy. 

A Series of Lectures. Edited by William Hepworth Thompson, M.A. 
Ilegius Professor of Greek in the University of Cambridge. 2 vols. 8vo. 
cloth, If. 5*. 

BUTLER (Archer).— Letters on Romanism, in Reply to Mr. 

Newman's Essay on Development. Edited by the Very Rev. T. Woodward, 
Dean of Down. Second Edition, revised by the Ven. Archdeacon Hard- 
wick. 8vo. cloth, 10*. 6d. 

CAMBRIDGE. -A Cambridge Scrap Book: containing in a 

Pictorial Form a Report on the Manners, Customs, Humours, and Pastimes 
of the University of Cambridge. With nearly 300 Illustrations. Second 
Edition. Crown 4to. half-bound, 7s. 6d. 

CAMBRIDGE —Cambridge Theological Papers. Comprising 

th ft *e given at the Voluntary Theological and Crosse Scholarship Examina- 
tions. EdUed, wUh References and indices, by A. P. MOOR, M.A. of Trinity 
College, Cambridge, aad Sub warden of St. Augustine's College. Canterbury . 
ovo.uiota, 7t.Q4. 
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CAMBRIDGE SENATE-HOUSE PROBLEMS and RIDERS, 
with SOLUTIONS:- 

1848— I851.-Problems. By N. M. FERRERS, M.A. and J. S. JACK- 
SON, M.A. of Caiut College. 15#. 6d. 

1848 — 185J. — Riders. By F. J. JAMESON, M.A. of Caius College. 

7s. Gd. 

1854— Problems and Ridfec*. By W. WALTON, M.A. of Trinity College, and 

C. F. MACKENZIE, M.A. of Caius Col- 
lege. 10*. 6rf. 

1857— Problems and Riders. By W. M. CAMPION, M.A. of Queen's College, 

and W. WALTON, M.A. of TrinityCollege. 
8*. 6d. 

CAMBRIDGE ENGLISH PRIZE POEMS, which have 

obtained the Chancellor's Gold Medal from the institution of the Prize to 
1858. Crown 8vo. cloth, 7t. 6d. 

CAMBRIDGE— Cambridge and Dublin MathematicalJournal. 

The Complete Work, in Nine Vols. 8vo. cloth, 71. 4*. 

ONLY A FKW COPIES OF THE COMPLETE VOIK REMAIN ON HAND. 

CAMPBELL— The Nature of the Atonement and its Rela- 
tion to Remission or 81ns and Eternal Life. By JOHN M'LEOD 
CAMPBELL, formerly Minister of Row. 8vo. cloth, 10*. 6d. 

CICERO— Old Age and Friendship. 

Translated into English. Two Parts. 12mo. sewed, 2*. 6d. each. 

COLENSO.— The Colony of Natal. A Journal of Ten Weeks' 

Tour of Visitation among the Colonists and Zulu Katirs of Natal. By the 
Right Rev. JOHN WILLIAM COLENSO, D.D. Lord Bishop of Natal, 
with a Map and Illustrations. Fcap. 8vo. cloth, 5«. 

COLENSO.— Village Sermons. 

Second Edition. Fcap. 8vo. cloth, 2t. 64. 

COLENSO.— Four Sermons on Ordination, and on Missions. 

18mo. sewed, 1*. 

COLENSO— Companion to the Holy Communion, containing 

the Service, and Select Readings from the writings of Mr. MAURICE. 
Edited by the Lord Bishop of Natal. Fine Edition, rubricated and bound in 
morocco, antique style, 6s.; or in cloth, 2*. 6d. Common Paper, limp cloth, 1#. 

COOPER.— The Nature of Reprobation, and the Preacher's 

Liability to it. A Sermon. By J. E. COOPER, M.A., Rector of Formett 
St. Mary, Norfolk, 8vo. 1*. 

COTTON— Sermons and Addresses delivered in Marlborough 

College during Six Years by GEORGE EDWARD LYNCH COTTON, D.D., 
Lord Bishop of Calcutta, and Metropolitan of India. Crown 8vo. cloth, 10*. 6d. 

COTTON.— Sermons : chiefly connected with Public Events 

of 1854. Fcap. 8vo. cloth, 3*. 

COTTON.— Charge delivered at his Primary Visitatior. 

September, 1859. 8vo. 2t. 6d. 

At 
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CROSSE.-An Analysis of Paley's Evidences. 

By C. II. CROSSE, M.A. of Caius-CoUege, Cambridge. 12mo. boards, 3s. 6<f. 

DA VIES.— St. Paul and Modern Thought: 

Remarks on some of the Views advanced in Professor Jowett's Commentary 
on St. Paul. By Rev. J. LL. DAVIES, M.A. Fellow of Trinity College, Cam- 
bridge, and Rector of Christ Church, Marylebone. 8vo. sewed, 2*. 6d. 

DAYS OF OLD : Stories from Old English History of the 

Druids, the Anglo-Saxons, and the Crusades. By the Author of "Ruth and 
her Friends." Imp. 16mo. cloth, 5«. 

DEMOSTHENES.— Demosthenes de Corona. 

The Greek Text, with English Notes. By BERNARD DRAKE, M.A. late 
Fellow of King's Coll. Cambridge, Editor and Translator of the "Eumenidei 
of £5schylua." Crown 8vo. cloth, 5*. 

DEMOSTHENES— Demosthenes on the Crown. 

Translated by J. P. NORRIS, M.A. Fellow of Trinlly College, Cambridge, 
und one of Her Majesty's Inspectors of Schools. Crown 8vo. cloth, 3s. 

DREW— A Geometrical Treatise on Conic Sections, with 

Copious Examples from the Cambridge Senate House Papers*. By W. H. 
DREW, M.A. of St. John's College, Cambridge, Second Master of Black- 
heath Proprietary School. Crown 8vo. cloth, it. 6d. 

FARRAR.— Lyrics of Life. 

By FREDERIC W. FARRAR, Fellow of Trinity College, Cambridge. 
Author of " Eric," Sic. Fcap. 8vo. cloth, 4*. 6«f. 

FISHER— The Goth* and the Saracen: a Comparison 

between the Historical Effect produced upon the Condition of Mankind by 
the Mahometan Conquests and those of the Northern Barbarians. By E. H. 
FISHER, B.A. Scholar of Trinity College, Cambridge. Crown 8vo. 1/. 6d. 

FORD.— Steps to the Sanctuary; or, the Order for Morning 

Prayer, set forth and explained in Verse. By JAMES FORD, M.A., Pre- 
bendary of Exeter Cathedral. Crown 8vo. cloth, 2s. 6d. 

FROST.— The First Three Sections of Newton's Principia. 

With Notes and Problems in illustration of the subject. By PERC1VAL 
FROST, M.A. late Fellow of St. John's College. Cambridge, and Mathe- 
matical Lecturer of Jesus College. Crown Svo. cloth, 10*. Gd. 

GILL.— The Anniversaries. Poems in Commemoration of 

Or eat Men and Great Events. By T. II. GILL. Fcap. Svo. cloth, 5*. 

GODFRAY.— An Elementary Treatise on the Lunar Theory. 

With a brief Sketch of the History of the Problem up to the time of Newton. 
By HUGH GODFRAY, M.A. of St. John's College, Esquire Bedell in the 
University of Cambridge. 8vo. cloth, bs. Cd. 

* 

GRANT.— Plane Astronomy. 

Including Explanations of Celestial Phenomena, and Descriptions of Astrono- 
mical Instruments. By A. R. GRANT, M.A. , one of Her Majesty's In- 
spectors of Schools, late Fellow of Trinity College, Cambridge. Svo.boards, C*. 
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HAMILTON.-Ou Truth and Error: Thoughts, in Prose and 

Verse, on the Principles ol Tsutti, and the Causes and Efforts of Error. 
By JOHN HAMILTON, Esq. (of St. Ernan's). M.A. St. Johns College, Cam- 
bridge. Crown 8vo. cloth, 5*. 

HARE— Charges delivered during the Years 1840 to 1854. 

With Notes on the Principal Events affecting the Church during that period 
By JULIUS CHARLES HARE, M.A. sometime Archdeacon of Lewes, and 
Chaplain in Ordinary to the Queen. With an Introduction, explanatory 
of his position in the Church with reference to the parties which divide it, 
3 vols. 8vol cloth, 1/. 11*. firf. 

HARE— Miscellaneous Pamphlets on some of the Leading 

Questions agitated in the Church during the Years 1845—51. 8vo. cloth, 12*. 

HARE— The Victory of Faith. 

Second Edition. 8vo. cloth, 5s. 

HARE— The Mission of the Comforter. 

Second Edition. With Notes. Svo. cloth, 12*. 

HARE— Vindication of Luther from his English Assailants. 

Second Edition. 8vo. cloth, It. 

HARE— Parish Sermons. 

Second Series. 8vo. cloth, 12*. 

HARE— Sermons Preacht on Particular Occasions. 

8vo. cloth, 12*. 

*#* The two following Books are included in the Three Volumes of Charges, and 

may still be had separately. 

HARE.— The Contest with Rome. 

With Notes, especially in answer to Dr. Newman's Lectures on Present Position 
of Catholics. Second Edition. 8vo. cloth, 10s. 6rf. 

HARE.— Charges delivered in the Years 1843, 1845, 1846. 

Never before published. With an Introduction, explanatory of his position 
in the Church with reference to the parties which divide it. 6j. 6d. 

HARE— Portions of the Psalms in English Verse. 

Selected for Public Worship* l8mo. cloth, 2s. 6d. 

HARE.— Two Sermons preached in Herstmonceux Church, 

on Septuagesima Sunday, 1855, being the Sunday after the Funeral of the 
Venerable Archdeacon Hare. By the Rev. H. VENN ELLIOTT, Perpetual 
Curate of St. Mary's, Brighton, late Fellow of Trinity College, Cambridge, 
and the Rev. J. N. SIMPK1NSON, Rector of Brington, Northampton, 
formerly Curate of Herstmonceux. 8vo. \s.6d. 

HARDWICK— Christ and other Masters. 

A Historical Inquiry into some of the chief Parallelisms and Contrasts 
between Christianity and the Religious Systems of the Ancient World. With 
special reference to prevailing Difficulties and Objections. By the Yen. 
ARCHDEACON HARDWICK. Part I. Introduction. Part II. The 
Religions of India. Part III. Tut Religions of China, America, 
and Oceanica. Part IV. Religions op Egypt and Medo-Persia. 8vo. 
cloth. Is. Qd. each part. 
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HARDWICK.— A History of the Christian Church, during 
the Middle Ages and the Reformation. (A.D. 590-1600.) 

By Archdeacon Hardwick. Two vol*, crown 8vo. cloth, 21*. 

Vol. I. History from Gregory the Great to the Excommunication of Lnthex. 
With Maps. 

Vol. II. History of the Reformation of the Church. 

Each volume may be had separately. Price 10*. 6rf. 
* a * These Volumes form part of the Series of Theological Manuals. 

HARDWICK— Twenty Sermons for Town Congregations. 

Crown 8vo. cloth, 6*. Cd. 

HAYNES.— Outlines of Equity. By FREEMAN OLIVER 

HAYNES, Barrister-at-Law, late Fellow of Caius College, Cambridge. 
Crown 8vo. cloth, 10*. 

LEDDERWICK.— Lays of Middle Age, and other Poems. 

By JAMES HEDDERWICK. Fcp. 8to. it. 

HEMMING.— An Elementary Treatise on the Differential 

and Integral Calculus. By G. W. HEMMING, M.A. Fellow of St. John'a 
College, Cambridge. Second Edition. 8to. cloth, 9$. 

HERVEY.— The Genealogies of our Lord and Saviour Jesns 

Chrwt, m contained in the Gospels of St. Matthew and St. Luke, reconciled 
with each other and with the Genealogy of the House of David, from Adam to 
the close of the Canon of the Old Testament, and snown to be in harmony with 
the true Chronology of the Times. By Lord ARTHUR HERVEY, M.A. 
Rector of Ickworth. 8vo. cloth, 10#. 6d. 

HERVEY.— The Inspiration of Holy Scripture. 

Five Sermons preached before the University of Cambridge. 8vo. cloth, 3*. €d. 

HOWARD.— The Pentateuch; or, the Five Books of Moses. 

Translated into English from the Version of the LXX. With Notes on ita 
Omissions and Insertions, and also on the Passages in which it differs from 
the Authorised Version. By the Hon. HENRY HOWARD, D.D. Dean of 
Lichfield. Crown 8vo. cloth. Genesis, 1 vol. 8i. 6d. ; Exodus and Levi- 
ticos, 1 »oi. 10*. 6d.; Numbers and Deuteronomy, I vol. 10*. 6d. 

HUMPHRY.— The Human Skeleton (including the Joints). 

By GEORGE MURRAY HUMPHRY, M.D. F.R.S., Surgeon to 
Addenbrooke's Hospital, Lecturer on 8urgery and Anatomy in the Cambridge 
University Medical School. With Two Hundred and Sixty Illustrations 
drawn from Nature. Medium 8vo. cloth, 1/. 8«. 

HUMPHRY— On the Coagulation of the Blood in the Venous 

System during Life. 8vo. 2t. 6d. 

IN GLEBY.— Outlines of Theoretical Logic. 

Founded on the New Analytic of Sir William Hamilton. Designed for a 
Text-book in Schools and Colleges. By C. MANSFIELD INGLEBY, M.A., 
of Trinity College, Cambridge. In fcap. 8vo. cloth, 3*. Grf. 
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JAMESON— Analogy between the Miracles and Doctrines 

of Scripture. By P. J. JAMESON, M.A., Fellow of St. Catharine's College, 
Cambridge. Fcap. 8vo. cloth, is. 

JAMESON— Brotherly Counsels to Students. Four Sermons 

preached in the Chapel of St. Catharine's College, Cambridge. By F. J. 
JAMESON, M.A. Fcap. 8vo. limp cloth, red edges, 1*. 64. 

JUVENAL— Juvenal, for Schools. 

With English Notes. By J. E. B. MAYOR, M.A. Fellow and Assistant 
Tutor of 8t. John's College, Cambridge. Crown 8vo. cloth, I0«. 6d. 

KINGSLEY.— Two Years Ago. 

By CHARLES KINGSLEY. F.S.A. Rector of Eversley, and Chaplain in Ordi- 
nary to the Queen. Second Edition. S vols, crown 8vo. cloth, 1/. 1 U. tirf. 

KINGSLEY.—" Westward Ho P or, the Voyages and Adven- 
tures of Sir Amyas Leigh, Knight of Burrough, in the County of Devon, in 
the Reign of Her Most Glorious Majesty Queen Elizabeth. New and 
Cheaper Edition. Crown 8vo. cloth, 6*. 

KINGSLEY— Glaucus ; or, the Wonders of the Shore. 

New and Illustrated Edition, corrected and enlarged. Containing 
beautifully Coloured Illustrations of the Objects mentioned in the Work. 
Elegantly bound in cloth, with gilt leaves. 7*. 6d. 

KINGSLEY.— The Heroes: or, Greek Fairy Tales for my 

Children. With Eight Illustrations, EngTaved by Whtmper. New 
Edition, printed on toned paper, and elegantly bound in cloth, with gilt 
leaves, Imp. 16mo. 5#. 

KINGSLEY.— Alexandria and Her Schools: heing Four Lec- 
tures delivered at the Philosophical Institution, Edinburgh. With a Preface . 
Crown 8vo. cloth, St. 

KINGSLEY— Phaethon; or Loose Thoughts for Loose 

Thinkers. Third Edition. Crown 8vo. boards, 2*. 

KINGSLEY.— The Recollections of Geoffry Hamlyn. 

By HENRY KINGSLEY, Esq. 3 Vols. 1/. 11*. 6d. 

LATHAM.— The Construction of Wrought-Iron Bridges, 

embracing the Practical Application of the Principles of Mechanics to 
Wrought-Iron Girder Work. By J. H. LATHAM, Esq. Civil Engineer. 8vo. 
cloth. With numerous detail Plates. 15*. 

LECTURES TO LADIES ON PRACTICAL SUBJECTS. 

Third Edition, revised. Crown 8vo. cloth, 7t. 64. By Reverends F. D. 
MAURICE. CHARLES KINGSLEY, J. Lt. DAVIES, ARCHDEACON 
ALLEN, DEAN TRENCH, PROFESSOR BREWER, DR. GEORGE 
JOHN80N, DR. 8IEVEKING, DR. CHAMBERS, F. J. STEPHEN, E«q.. 
and TOM TAYLOR, Esq. 
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LITTLE E STELLA, and other TALES FOR THE 

YOUNG. With Frontispiece. Royal lCrao. extra cloth, gilt leaves, 5*. 

LUDLOW— British India; its Races, and its History, 

down to 1857. Py JOHN MALCOLM LUDLOW, Barrister-at-Law. 2 vols, 
fcap. 8vo. cloth, 9». 

LUSHINGTON.— La Nation Boutiqntere : and other Poems, 

chiefly Political. With a Preface. By the late HENRY" LUSHINGTON, 
Chief Secretary to the Government of Malta. Points of War* By 
FRANKLIN LUSHINGTON, Judge in the Supreme Courts of the Ionian 
Isle*. In 1 vol. fcap. Svo. cloth, is. 

LUSHINGTON- The Italian War 1848-9, and the Last 

Italian Poet. By the late HENRY LUSHINGTON, Chief Secretary to the 
Government of Malta. With a Biographical Preface by G. S. Vmables. 
Crown 8vo. cloth, 6s. 6d. 

MACKENZIE.— The Christian Clergy of the first Ten Cen- 

turies, and their Influence on European Civilization. By HENRY 
MACKENZIE, B.A. Scholar of Trinity College, Cambridge. Crown 8vo. 
cloth, 6*. 6d. 

MANSFIELD.— Paraguay, Brazil, and the Plate. 

With a Map, and numerous Woodcuts. By CHARLES MANSFIELD, M.A. 
of Clare College, Cambridge. With a Sketch of his Life. By the Rev 
CHARLES KINGSLEY. Crown 8vo. cloth, 12*. 6d. 

M'COY — Contributions to British Palaeontology; or, First De- 
scriptions of several hundred Fossil Radiata, Articulata, Mollusca, and Pisces 
from the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. By Fredxrick M«Cot, F.G.8., Professor of 
Natural History in the University of Melbourne. 8vo. cloth, 9s. 

MASSON— Essays, Biographical and Critical; chiefly on the 

English PoetS. By DAVID MASSON, M.A. Professor of English 

Literature in University College, London. 8vo. cloth, 12*. 6d. 

MASSON— British Novelists and their Styles; being a 

Critical Sketch of the History of British ProseFiction. By DAVID MASSON, 
M.A. Ciown 8vo. cloth, 7s. 64. 

MASSON.— Life of John Milton, narrated in Connexion 

with the Political, Ecclesiastical, and Literary History of his Time. Vol. I. 
with Portraits. 18*. 

MAURICE.— Expository Works on the Holy Scriptures. 

By FREDERICK DENISON MAURICE, M.A., Chaplain of Lincoln's Inn. 

I.— The Patriarchs and Lawgivers of the Old Testament. 

Second Edition. Crown Svo. cloth, 6s. 
This volume contains Discourses on the Pentateuch, Joshua, Judges., 
and the beginning of the First Book of Samuel. 
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MAURICE.— Expository Works on the Holy Scriptures. 

By FREDERICK DENISON MAURICE, M.A., Chaplain of Lincoln's Inn. 

II— The Prophets and Kings of the Old Testament. 

Second Edition. Crown 8vo. cloth, 10*. Cd. 

This volume contains Discourses on Samuel I.andll., King* Land II., 
Amos, Joel, Hosea, Isaiah, Micah, Nab um, Habakkuk, Jeremiah, 
and Ezekiel. 

III— The Unity of the New Testament. 

8vo. cloth, lit. 

This Volume contains Discourses on the Gospels of St. Matthew. 
St. Mark, and St. Luke; the Acts of the Apostles; the Epistles of 
St. James, St. Jude, St. Peter, and St. Paul. 

IV.— The Gospel of St. John ; a Series of Discourses. 

Second Edition. Crown 8vo. cloth, 10*. 6d. 

V.— The Epistles of St. John ; a Series of Lectures on 

Christian Ethics. Crown 8vo. cloth, 7s. 6d. 

MAURICE— Expository Works on the Prayer-Book. 
I.— The Ordinary Services. 

Second Edition. Fcap. 8vo. cloth, 5*. 6d. 

II.— The Church a Family. Twelve Sermons on the 

Occasional Services. Fcap. 8to. cloth, is. 64. 

MAURICE.— What is Revelation ? A Series of Sermons 

on the Epiphany ; to which are added Letters to a Theological Student on the 
Bampton Lectures of Mr. Mansel. Crown 8vo. cloth, 10«. fid. 

MAURICE— Sequel to the Inquiry, " What is Revelation ? " 

Letters in Reply to Mr. Mansel's Examination of " Strictures on the 
Bampton Lectures." Crown 8vo. cloth, 6«. 

MAURICE.— Lectures on Ecclesiastical History. 

8vo. cloth, 10*. 6rf. 

MAURICE— Theological Essays. 

Second Edition, with a new Preface and other additions. Crown 8vo. 
cloth, 10«. Gd. 

MAURICE— The Doctrine of Sacrifice deduced from the 

Scriptures. With a Dedicatory Letter to the Youug Men's Christian Associa- 
tion. Crown 8vo. cloth, Is. 6d. 

MAURICE— The Religions of the World, and their Relations 

to Christianity. Third Edition. Fcap. 8vo. cloth, 5s. 

MAURICE.— On the Lord's Prayer. 

Third Edition. Fcap. 8to. cloth, is. 6d. 
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MAURICE.— On the Sabbath Day: the Character of the 

Warrior; and on the Interpretation of History. Fcap. 8vo. cloth, U. 6d. 

MAURICE.— Learning and Working— Six Lectures on the 

Foundation of Colleges for Working Men, delivered in Willis's Rooms, 
London, in June and July, 1854. Crown 8vo. cloth, 5*. 

MAURICE —The Indian Crisis. Five Sermons. 

Crown 8vo. cloth, 2$. 6d. 

MAURICE— Law's Remarks on the Fable of the Bees. 

Edited, with an Introduction of Eighty Pages, by FREDERICK DENISON 
MAURICE, M.A. Chaplain of Lincoln's Inn. Fcp. 8vo. cloth, 4s. 6d. 

MAURICE.— Miscellaneous Pamphlets:— 
I— Eternal Life and Eternal Death. 

Crown 8vo. sewed, U. 64. 

IL— Death and Life. A Sermon. 3n mtmmam c. *. t*. 

8vo. sewed, 1*. 

Ill— Plan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 64. 

IV.— Administrative Reform. 

Crown 8vo. 3d. 

V.— The Word "Eternal," and the Punishment of the 

Wicked. Fifth Thousand. 8vo. Is. 

VI.— The Name "Protestant:" and the English Bishopric 

at Jerusalem. Second Edition. 8vo. St. 

VII— Thought i on the Oxford Election of 1847. 

8vo. Is. 

VTIL— The Case of Queen's College, London. 

8vo. U. 6d. 

IX.— The Worship of the Church a Witness for the 

Redemption of the World. 8vo. sewed, Is. 

MAYOR.— Cambridge in the Seventeenth Century. 

2 vols. fcap. 8vo. cloth, 18#. 

Vol. I. Lives of Nicholas Ferrar. 

Vol. II. Autobiography of Matthew Robinson. 
By JOHN E. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 

The Autobiography of Matthew Robinson may be had separately, price 5t. 6d. 

MAYOR.— Early Statutes of St John's College, Cambridge. 

Now first edited with Notes. Royal 8vo. 18*. 

*»* The First Part is now ready for delivery. 

MAXWELL— The Stability of the Motion of Saturn's Rings. 

By J. C. MAXWELL, M.A. Professor of Natural Philosophy in the Uni- 
versity of Aberdeen. 4to. sewed, 6#. 
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MOORE— A New Proof of the Method of Algebra commonly 

called " Greatest Common Measure." By B. T. MOO HE, B.A., Fellovr of 
Pembroke College, Cambridge. Crown 8vo. 6d. 

MORGAN— A Collection of Mathematical Problems and 

Examples. Arranged in the Different Subjects progressively, with Answers 
to all the Questions. By H. A.MORGAN, M.A., Fellow .of Jesus Col- 
lege. Crown 8vo. cloth, 6*. 6d. 

MORSE —Working for God, and other Practical Sermons. 

By FRANCIS MORSE, M. A. Incumbent of St. John's, Ladywood, Bir- 
mingham. Second Edition. Fcap. 8vo. cloth, 5s. 

NlPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Review and of the Encyclopedia Jiritaunica. Post fcvo. 
cloth, It. 6d. 

NORWAY AND SWEDEN.— A Long Vacation Ramble in 

1856. ByXandY. Crown 8vo. cloth, 6*. 6d. 

OCCASIONAL PAPERS on UNIVERSITY and SCHOOL 

MATTERS; containing an Account of all recent UniYeralty Subjects and 
Changes. Two Parts are now ready, price 1*. each. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the Unirersity, and the Higher Classes in 
Schools. With a Collection of Examples. By S. PARKINSON, B.D. Fellow 
and AssistantTutor of St. John's College, Cambridge. Crown 8vo. cloth, 9«. fist. 

PARKINSON.-A Treatise on Optics. 

Crown 8vo. cloth, 10«. 6d. 

PARMINTER.— Materials for a Grammar of the Modern 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY PARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8vo. cloth, 3*. 6d. 

PEROWNE.-" Al-Adjrnmiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. Lecturer 
in Divinity in King's College, London, and Examining Chaplain to the 
Lord Bishop of Norwich. 8vo. cloth, 5«. 

PHEAR.— Elementary Hydrostatics. 

By J. B. Phear, M.A. Fellow of Clare College, Cambridge. Second 
Edition. Accompanied by numerous Examples, with the Solutions 
Crown 8vo. cloth, 5t. 6d. 

PHILOLOGY.— The Journal of Sacred and Classical Philology. 

Vols. I to III. 8vo. cloth, 12«. 6d. each. 

PLAIN RULES ON REGISTRATION OP BIRTHS AND 

DEATHS. Crown 8vo. sewed, Id. ; 94. per dozen ; 5s. per 100. 
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PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fellow* of Trinity Collide, 
Cambridge, (J. Ll. Davies M.A., and D. J. Vaughan, M.A.) Second 
Edition. 8vo. cloth, 10j. Gd. 

PRAYERS FOR WORKING MEN OF ALL RANKS: 

Earnestly designed for Family Devotion and Private Meditation and Prayer. 
Fcap 8vo. cloth, red leaves, 2m. 6d. Common Edition, U. 9d. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

M ENT. Crown 8vo. sewed, 2*. 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton. 
Norfolk, and late Fellow of St. Catherine's College. Fourth Edition, 
revised and enlarged. Crown 8vo. cloth, 10*. 6d. 
•„* This forms part of the Series of Theological Manuals. 

PUCKLE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous collection of Easy Examples pro- 
gressively arranged, especially designed for theusc of Schools and Beginners. 
By G. HALE PUCKLE, M. A., Principal of Windermere College. Second 
Edition, enlarged and improved. Crown 8vo. cloth. 7». 6d. 

RAMSAY.— The Catechiser's Manual; or, the Church Cate- 
chism illustrated and explained, for the use of Clergymen, Schoolmasters, 

and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 

Cambridge. 18mo. cloth, 3$.6d. 

REICHEL.— The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland; and late Don- 
nellan Lecturer in the University of Dublin. Crown 8vo. cloth, 7#. 6d. 

ROBINSON— Missions urged upon the State, on Grounds 

both of Duty and Policy. By C.K.ROBINSON, M.A. Fellow and Assistant 
Tator of St. Catherine's College. Fcap. 8vo. cloth, 3«. 

ROWSELL.— THE ENGLISH UNIVERSITIES AND THE 

ENGLISH POOR. Sermons Preached before the University of Cambridge. 
By T. J. ROWSELL, M.A. Incumbent of St. Peter's, Stepney. Fcap. 8vo. 
cloth limp, rtd leaves, 2m. 

RUTH AND HER FRIENDS. A Story for Girls. 

With a Frontispiece. Third Edition. Royal 16m o. extra cloth, gilt leaves, 5*. 

SALLUST.— Sallust for Schools. 

With English Notes. Second Edition. By CHARLES MERIVALE. 
B.D.; late Fellow and Tutor of St. John's College, Cambridge, &c, Author 
of the " History of Koine," &c. Fcap. 8vo. cloth, 4«. 6d. 
" The JuouaTHA" ahd " TheCatilik a " mat be had separately, price 2i. 6<f. 

EACH IN CLOTH. 

SANDARS.— BY THE SEA, AND OTHER POEMS. 

By EDMUND SANDARS, of Trinity Hall, Cambridge. Fcap. 8vo. 
cloth, U. Cxi. 

SCOURING OF THE WHITE HORSE; or, The Long 

Vacation Ratnhle of a London Clerk. By the Author of •« Tom Brown's 
School Days." Illustrated by Doylk. Eighth Thousand. Imp. 16mo. 
cloth, elegant, S#. Cd. 



Digitized by Google 



MACMILLAK & CO.'S PUBLICATIONS. 13 



SELWYN.— -The Work of Christ in the World. 

Sermons preached before the University of Cambridge. By the Right Hev. 
GEORGE AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellow of St. John's College. Third Edition. Crown 8vo. 2s. 

SELWYN— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Poreign 
Languages. Compiled for the use of the Melanesia!! Mission. Small folio, 
cloth, 14*. 

SIMPSON.-An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Edition. 
Fcp. 8vo. cloth, 5s. 

SMITH.-City Poems. 

By ALEXANDER SMITH, Author of " A Life Drama," and other Poems. 
Fcap. 8vo. cloth. 5*. 

SMITH— Arithmetic and Algebra, in their Principles and 

Application: with numerous systematically arranged Examples, taken from 
the Cambridge Examination Papers. By BARNARD SMITH, M.A.. Fellow 
of St. Peter's College, Cambridge. Sixth Edition. Crown 8vo. cloth, 
10*. 6d. 

SMITH.— Arithmetic for the use of Schools. 

New Edition. Crown 8vo. cloth, 4*. 6d. 

SMITH —A Key to the Arithmetic for Schools. 

Crown 8vo. cloth, 8*. 6d. 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John's College, 
Cambridge. Ninth Edition. Crown 8vo. cloth, 7s. 6d. 

SNOWBALL.— Introduction to the Elements of Plane Trigo- 
nometry for the use of Schools. Second Edition. Svo. sewed, .">*. 

SNOWBALL, — The Cambridge Course of Elementary 

Mechanics and Hydrostatics. Adapted for the use of Colleges and Schools. 
With numerous Examples and Problems. Fourth Edition. Crown Svo. 
cloth, 5*. 

SWAINSON —A Handbook to Butler's Analogy. 

By C. A. SWAINSON, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown 8vo. sewed, 2s. 

SWAINSON— The Creeds of the Church in their Relations 

to Holy Scripture and the Conscience of the Christian. Svo. cloth, 9*. 

SWAINSON.-THE AUTHORITY OF THE NEW TESTA- 

MENT; The Conviction of Righteousness, and other Lectures, delivered 
before the University of Cambridge. 8vo. cloth. \'2s. 

TAIT and STEELE— A Treatise on Dynamics. with nume- 
rous Examples. By P. G. TAIT, Fellow of St. Peter's College, Cambridge, 
and Profe8»orof Mathematics in Queen's College, Belfast, and W.J.STEELE, 
late Fellow of St. Peter's College. Crown Svo. cloth, \0s. Qd. 

TAYLOR— The Restoration of Belief. 

By ISAAC TAYLOR, Esq., Author of "The Natural History of Enthu- 
siasm." Crown Svo. c'.oth, 8*. (id. 
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THEOLOGICAL Manuals. 

CHURCH HISTORY: DURING THE MIDDLE AGE8 AND THE 

REFORMATION (a.©. 590—1600). By ARCHDEACON HARDW1CK. 

With Four Maps, 2 vols. Crown 8vo. cloth, price 10#. 6d. each. 
THE COMMON PRAYER: ITS HISTORY AND RATIONALE. By 

FRANCIS PKOCTER. Fourth Edition. Crown 8vo. cloth, 10*. 6d. 
HISTORY OF THE CANON OF THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown 8vo. cloth, 12*. 6d. 

Others are in progress, and will be announced in due time. 

THRING.— A Construing Book. 

Compiled by the Rev. EDWARD THRING, M.A. Head Master of Up- 
pingham Grammar School, late Fellow or King's College, Cambridge. Fcap. 
Svo. cloth, 2*. 6d. 

THRING.— The Elements of Grammar taught in English. 

Second Edition. 18mo. bound in cloth, 2s. 

THRING.— The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A New Edition. I8mo. limp cloth, I*. 

THRING.— Sermons delivered at Uppingham School. 

Crown Svo. cloth, 5*. 

THRING.— School Songs. 

A Collection of Songs for Schools. With the Music arranged for four Voices. 
Edited by EDWARD THRING, M.A., Head Master of Uppingham School, 
and H. RICCIUS. Small folio, 7s. 64. 

THRUPP.— Antient Jerusalem: a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Templer. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barrington, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, 15*. 

THUCYDIDES, BOOK VI. With English Notes, and a Map. 

By PERCIVAL FROST, Jun. M.A. late Fellow of St. John's College, 
Cambridge. 8vo. 7s. 6d. 

TODHUNTER— A Treatise on the Differential Calculus. 

With numerous Examples. By I. TODHUNTER, M.A., Fellow and 
Assistant Tutor of St. John's College, Cambridge. Second Edition, 
Crown 8vo. cloth, 10*. 6<f. 

TODHUNTER— A Treatise on the Integral Calculus. 

With numerous Examples. Crown Svo. cloth, 10$. 6d. 

TODHUNTER. — A Treatise on Analytical Statics, with 

numerous Examples. Second Edition. Crown 8vo. cloth, IQs.Cd. 

TODHUNTER.— A Treatise on Conic Sections, with 

numerous Examples. Second Edition. Crown 8vo. cloth, 10*. 6d. 

TODHUNTER.— Algebra for the use of Colleges and Schools. 

Crown 8vo. cloth, 7s. Gd. 

TODHUNTER. — Plane Trigonometry for Colleges and 

Schools. Crown 8vo. cloth, 5s. 

TODHUNTER.— A Treatise on Spherical Trigonometry for 

the Use of Colleges and Schools. Crown Svo. cloth, 4*. 6d. 
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TODHUNTER—Examples of Analytical Geometry of Three 

Dimensions. Crown 8vo. cloth, 4». 

TOM BROWN'S SCHOOL DAYS. 

By AN OLD BOY. Sixth Edition. Crown 8vo, cloth, I0«. 64. 

TRENCH— Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Fourth Edition. Fcap. 8vo. cloth, 6s. 

TRENCH— Hulse an Lectures for 1845—46. 

Contents. ] .—The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2.— Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Fourth Edition. Foolscap 8vo. cloth, 5*. 

TRENCH.— Sermons Preached before the University of Cam- 
bridge. Fcap. 8vo. cloth, 2s. 64. 

VAUGHAN— Notes for Lectures on Confirmation. With 

suitable Prayers. By C. J. VAUGHAN, D.D., Head Master of Harrow 
School. Second Edition. Limp cloth, red edges, 1*. 64. 

VAUGHAN— St. Paul's Epistle to the Romans. 

The Greek Text, with English Notes. By C. J. VAUGHAN, D.D. 8to. 

VAUGHAN .—MEMORIALS OF HARROW SUNDAYS. 

A Selection of Sermons preached in Harrow School Chapel. By C. J. 
VAUGHAN, D.D. With a View of the Interior of the Chapel. Crown 8v©. 
cloth, red leaves, 10*. 64. 

VAUGHAN.— Sermons preached in St. John's Church, 

Leicester, during the years 1855 and 1856. By DAVID J. VAUGHAN, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
chapel. . Crown 8vo. cloth, 5*. 64. 

VAUGHAN— Three Sermons on The Atonement. With a 

Preface. By D. J. Vaughan, M.A. Limp cloth, red edges, Is. 64. 

WAGNER— Memoir of the Rev. George Wagner, late of St. 

Stephen's, Brighton. By J. N. SIMPKINSON, M.A. Rector of Brington, 
Northampton. Second Edition. Crown 8vo. cloth, 9*. 

WATSON AND ROUTH.— CAMBRIDGE SENATE HOUSE 

PROBLEMS AND RIDERS. For the Year 1860. With Solutions by H. 
W. WATSON, M.A. and E. J. ROUTH, M.A. Crown 8vo. cloth, 7s. 64. 

WESTCOTT.— History of the Canon of the New Testament 

during the First Four Centuries. By BROOKE FOSS WESTCOTT. M.A., 
Assistant Master of Harrow School ; late Fellow of Trinity College, Cam- 
bridge. Crown 8vo. cloth, 12*. 64. 

*«• This forms part of the Series of Theological Manuals. 

WESTCOTT. — Characteristics of the Gospel Miracles. 

Sermons preached before the University of Cambridge. With Notes. By 
B. F. WESTCOTT, M.A., Author of •'History of the New Testament 
Canon." Crowu 8vo. cloth, 4*. 64. 

WHEWELL.-THE PLATONIC DIALOGUES FOR 

ENGLISH READERS. By W. WHEW ELL, D.D. Vol. I. Fcap. 8vo 
cloth, 7s. 64. 
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WHITMORE —Gilbert Marlowe and Other Poems. 

With a Preface by the Author of 14 Tom Brown's Schooldays." Fcap. 8vo. 
cloth, 3s. 6d. 

WILSON.— The Five Gateways of Knowledge. 

By GEORGE WILSON, M.D., F.R.S.E., Regius Professor of Technology in 
the University of Edinburgh. Second Edition. Fcap. Svo. cloth, 2s. 6<f. 
or in Paper Covers, Is. 

WILSON— The Progress of the Telegraph. 

Fcap. 8vo. 1*. 

WILSON— A Treatise on Dynamics. 

By W. P. WILSON, M.A., Fellow of St. John's, Cambridge.and Professor of 
Mathematics in the University of Melbourne. 8vo. bds. 9s. 6d. 

WOLFE.-ONE HUNDRED AND FIFTY ORIGINAL 

PSALM AND HYMN TUNES. For Four Voices. By ARTHUR 
WOLFE, M.A., Fellow and Tutor of Clare College, Cambridge. * Oblong 
royal 8vo. extra cloth, gilt leaves, 10*. 6d. 

WORSHIP OF GOD AND FELLOWSHIP AMONG MEN- 

A Series of Sermons on Public Worship. Fcap. 8vo. cloth, 3s. 6d. 

By F. D. Maurice, M.A. T. J. Rowsell, M.A. J. Ll. Davies, M.A. 

and D. J. Vauoham, M.A. 

WRIGHT— The Iliad of Homer. . 

Translated into English Verse by J. C. WRIGHT, M.A. Translator of Dante. 
Crown 8vo. Books I. — VI. 5*. 

WRIGHT.-Hellenica ; or, a History of Greece in Greek, 

as related by Diodorus and Thucydide3, being a First Greek Reading 
Book, with Explanatory Notes, Critical and Historical. By J. WRIGHT, 
M.A., of Trinity College, Cambridge, and Head-Master of Sutton Coldfield 
Grammar School. Second Edition, with a Vocabulary. 12mo. 
cloth, 3*. 6d. 

WRIGHT— David, King of Israel, 

Readings for the Young. With Six Illustrations after SCHNORR. Royal 
16mo. extra cloth, gilt leaves, 5*. 

WRIGHT— A Help to Latin Grammar; 

or, the Form and Use of Words in Latin. With Progressive Exercises. 
Crown 8vo. cloth, 4s. 6d. 

WRIGHT— The Seven Kings of Rome: 

An easy Narrative, abridged from the First Rook of Livy by the omission of 
difficult passages, being a First Latin Reading Hook, with Grammatical 
Notes. Fcap. 8vo. cloth, 3*. 

WRIGHT— A Vocabulary and Exercises on the "Seven 

Kings of Rome." Fcap. 8vo. cloth, Is. 6d. 
•»* The Vocabulary and Exercises may also be had bound up with "The Seven 

Kings of Rome." Price 5s. cloth. 

ONE SHILLING, MONTHLY. 

M ACM I L LAN'S MAGAZINE. 

EDITED BY DAVID MASSON. 
Volume I. is now ready, handsomely bound in cloth, price Is. 6d. 

K.. CLAY, rjUNTEH, UULAjJ bTRfcEl HILlT" 
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